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TEMA 1-2. Znaceni, vektory a matice

Znaceni
V1V V; nebo Vy AV, ... logickd disjunkce nebo konjunkce vyroku Vi, Vs,
{a,b,c} ... mnozina obsahujici prvky a, b, c,
x € M nebo x ¢ M prvek x patii nebo nepatii do mnoziny M,
NaR... mnozina vsech ptirozenych a mnoz. vSech realnych cisel,
(a,b) nebo (a,b) ... otevieny nebo uzavieny interval,
(a,b), (a,b) ... dva druhy polouzavienych (polootevienych) intervali.

Aritmetické vektory

Voo prostor vech aritmetickych n-slozkovych vektoru (vektoru dimenze n),
Vi i-ta slozka vektoru v = (vy,ve, ..., v,).

Zakladni operace s vektory
Séitani/odéitant U+ =(u1,ug,...,u,) = (v1,02,...,0,) = (U1 £v1,u2 £ Vo, ..., Uy £ Vy)
Nésobeni ¢islem c-T=c-(v1,v2,...,0p) = (C-v1,C V..., C V)
Norma 9] = |[(v1,v2, ..., 00)|| = \/v% +v3+--- 402
Skaldrni souc¢in U-U= (U, U, ., Up) (V1,V2,...,0,) = U1 -V + U2 V2 + ...+ Uy Uy

Vektorovy souéin 4 X U = (uy, ug, us) X (v1,v2,v3) = (ugvg — ugv2, Uzv] — UIV3, U1V — UV )

- =

Vzorec pro thel dvou nenulovych vektora o a v: cosa = M

| - ||v
Poznamky
e 0=(0,0,...,0) se nazyva nulovy vektor. Vektor ¢’ se nazyva jednotkovy, je-li ||| = 1.

e Vektory i, U se nazyvaji ortogonalni (kolmé), jestlize jejich skaldrni soucin je 0.
e Vektory i, U se nazyvaji paralelni (rovnobézné), jestlize existuje ¢éislo ¢ tak, ze @ = ¢- .
e Vektorovy soucin u X v je definovan pouze ve V3.

Matice
Typ matice A ... udavé pocet fadku a pocet sloupcu (piseme m X n),
Qjj - - prvek matice A, ktery je v radku 7 a sloupci j,
Hlavni diagondla v A tvofena vSemi prvky matice A tvaru ay,
Nulova matice O . .. ma vSechny prvky rovny nule,
Ctvercovd matice ...  jakdkoliv matice typu n x n (mluvime téz o matici fadu n),
Jednotkova m. E'. .. ¢tvercova matice s diag. prvky rovnymi 1, ostatni jsou nuly.

Zakladni maticové operace
Transponovani je-li Z = AT a A je typu m x n, pak je Z typu n x m a vzdy Zij = Qji,
Scitani/odéitant je-li Z = A+ B, pak A, B, Z jsou stejného typu a z;; = a;; £ bj;,
Nésobeni ¢islem  je-li Z = c- A, pak A, Z jsou stejného typu a z;; = c- a5,
Nasobeni matic je-i Z=A-B, Atypum x s, B typu s X n, pak je Z typu m x n
a vzdy Zij = Q41 - blj + a; - sz +...+as- bsj.
Poznamky
e Plati A+ O=0+A=AaA-0=0-A= 0, kdykoliv jsou operace definovény.
e Pro kazdou matici A je A-EF = FE-A = A, jestlize lze operace provést.
e Mocninu étvercové matice ziskdme opakovanym nasobenim, napi. A* = A-A-A- A,




TOPIC 1-2. Notations, Vectors, and Matrices

Notations
VivVVsor ViAVy ... the logical disjunction or conjunction of propositions Vi, Vs,
{a,b,c} ... the set containing elements a, b, c,
re€Morxz¢ M element x belongs or does not belong to set M,
Nand R ... the set of all natural and the set of all real numbers,
(a,b) or {(a,b) ... an open or a closed interval,
(a,b), (a,b) ... two kinds of half-closed (half-open) intervals.
Arithmetic vectors
V... the space of all arithmetic n-component vectors ( n-dimensional vectors),
Vi ... the i-th component of vector v = (v, ve,...,v,).

Basic operations on vectors
Addition/subtraction UET=(u1,...,un) £ (V1,...,0p) = (ug £U1,...,up £ vy)

Multiplication by ¢ c-v=c-(vi,...,0n) = (c-v1,...,C Vy)
Norm H17||:H(vl,vg,...,vn)H:\/U%—i-v%—k--'%—v%
Dot product U= (UlyeesUp)  (V1,eeeyUp) =UL V1 F+ oo+ Up Uy
Cross product (u1,u2,u3) X (v1,v2,v3) = (UgV3 — U3V, UFV] — UIV3, UV — UV])
u- v
The formula for the angle of two non-zero vectors ¥ and v : cosa = H 1151
| - ||v
Notes
= (0,0,...,0) is called the zero vector. Vector ¥ is called a unit vector if ||7/]| = 1.

[ ]
e Vectors 4, U are called orthogonal (perpendicular) if their dot product is equal to 0.
e Vectors u, v are called parallel if there exist a number ¢ such that @ = ¢ - v.

e The cross product 4 x v is defined only in V3.

Matrices
Size of matrix A ... gives the number of rows and columns (write m x n, read ”m by n”)
aij . .. the entry of matrix A which can be found in row i and column j,
Principal diagonal in A  consists of all entries of A in the form a;;,
Null matrix O... has all the enries equal to zero,
Square matrix ... any n X n matrix (we also talk about a matrix of order n),
Unit matrix F ... a square matrix with diagonal entries equal to 1, the others are Os.

Basic matrix operations

Transposing if Z= AT and A is an m x n matrix then Z is an n x m matrix
and always z;; = aj;,

Addition/subtraction  if Z = A+ B then A, B, Z have the same size and z;; = a;; £ b;j,

Multiplication by ¢ if Z =c-Athen A, Z have the same size and z;; = ¢ - a;j,

Matrix if Z=A-B, where A is an m X s matrix, B is a s X n matrix then Z
multiplication is an m x n matrix and always z;; = a;1 - b1; + a2 - boj + ... + a;s - bsj.
Notes

e A+O=0+A=Aand A-O =0 -A = O hold whenever the operations are defined.
e For every matrix A thereis A- F = E - A = A, if the operations can be performed.

e The power of a square matrix can be obtained by means of repeated multiplication,
e.g A=A-A A A




RESENE PRIKLADY
Priklad 1. Dény @ = (1,3,-5), b= (6,1,1) a ¢=(—1,1.2,0,—2), d = (2,—2.4,0,4).
(a) Které z danych dvojic vektoru jsou rovnobézné nebo ortogonalni?

(b) Vypottéte @ x b a & x d. (¢) Reste rovnici 4¢ + 27 = d.

eSend. (a) Vektory @ a b nejsou rovnobézné. Pokud ano, pak (kvuli 1. komponenté) nutné

R~eh

—

= 6 - @, coz neni pravda. Vektory ¢ a cijsou rovnobézné, protoze d = (—2) - ¢.
Ortogonalita se testuje skalarnim sou¢inem:
b=1(1,3,-5)-(6,1,1)=1-64+3-14(=5)-1=6+3—-5=4+£0. Analogicky je
cd=-2-288+0—8=—12.88 #£ 0. Zadn4 z danych dvojic vektorti neni ortogondln.
(b) @xb=(1,3,-5)x(6,1,1) = (3-1—(=5)-1,(=5)-6—1-1,1-1—3-6) = (8, —31, —17).

Vektorovy soucin ¢ X d nen{ definovan (vektory nejsou 3-slozkové).

oL S

(c) ”Prevedeme” 4¢ na pravou stranu a pak délime obé strany rovnice 2:
7= L(d-48) = 1.[(2,-24,0,4) —4- (—1,1.2,0,-2)] = 1.(6,-2.4,0,12) = (3,-1.2,0, —6).
Piiklad 2. Urcete thly AABC v prostoru, kdyz A = [1,—1,2], B=[3,3,3], C =[1,2,3].
Reseni. Uhel a je tihel mezi vektory @ = AB = B — A = 3,3,3] = [1,-1,2] = (2,4,1) a
AC=C—A=1[1,2,3]—[1,-1,2] = (0,3, 1).

- 2:-0+4-3+1-1 13
[l - 9] V22 + 42+ 12- V024 37+ 12 V2110
Na kalkula¢ce pomoci inverzni funkce cos™ najdeme (nastavit tthlové jednotky na stupné!)
hodnotu a = 26.2°.

Analogicky uréime thel 3 mezi vektory BA = A—B = 1,-1,2]-1[3,3,3] = (-2,—4,-1)
a BC=C—B=[1,2,3]—[3,3,3] = (=2, —1,0). Vyjde 3 = 38.7°.
Uhel v mezi vektory CA=A—-CaCB=C-B vyjde 115.1°.

= 0.8971.

Cos =

oy , . 13 11 15 2 4
Prlklad3.DanymautlceR—[2 1 1],S—l0 9 1].

(a) Reste maticovou rovnici 3R 4 2X = S,
(b) Vypoctéte matice R-S, W =R-ST ST.R Z=W?2

Resend. (a) Matici 3R "pfevedeme” na pravou stranu a pak celou rovnici délime 2:
5 2 4 9 3 3 -4 -1 1 -2 -
—1l(g_ -1 — =1 =

(b) Soucin R- S nenf definovdn, nebot R ma 3 sloupce, ale S m4 jen 2 fddky. Déle

I N

|

N N =

W—R-ST—-?’ 11 gg B 3-54+1-24+1-4 3-041-2+1-1] [21 3
N T l2-11 41 25+ (-1)-2+1-4 20+ (-1)-2+1-1| |12 -1
50] 5 11 5-34+0-2 5-1+0-(=1) 5-14+0-1 1555
ST.R=122 -[2_11]_ 2.342-2 2.142-(-1) 2-14+2-1|=[1004
41| 4-341-2 4-14+1-(=1) 4-141-1 1435
21 3| [21 3 477 60
_ 2 _ . — . =
Z=Wr=W-W lm 1] lm 1] [240 37|




EXAMPLES
Example 1. Given @ = (1,3,—5), b= (6,1,1) and = (—1,1.2,0,-2), d = (2, —2.4,0,4).
(a) Which of the couples of vectors above are parallel or orthogonal?

(b) Calculate @ x b and & x d. (¢) Solve the equation 4+ 2% = d.

Solution. (a) Vectors @ and b are not parallel. If so, then (because of the 1st component)

—

necessarily b= 6 - which is not true. Vectors & and d are parallel because d = (=2)-¢
The orthogonality is tested by means of the dot product:
@-b=(1,3,-5)-(6,1,1)=1-6+3-1+(=5)-1=6+3—-5=4+£0. Analogously,
-d=-2-288+0—8=—12.88 # 0. None of the given couples are orthogonal vectors.

(b) @xb=(1,3,—5)%(6,1,1) = (3-1—(=5)-1,(=5)-6—1-1,1-1—3-6) = (8, =31, —17).
The cross product & x d is not defined (the vectors are not 3-dimensional).

(c) We "move” 4¢ to the right side and then divide both sides of the equation by 2:
T=1i(d—40) =35-[(2,-24,0,4) —4-(-1,1.2,0,-2)] = 1-(6,-2.4,0,12) = (3, -1.2,0, —6).

@]

Example 2. In space, determine the measures of angles in AABC if A = [1,-1,2], B =
3,3,3], C =11,2,3].
Solution. Angle « is the angle between vectors @ = AB = B— A = [3,3,3] — [1,—1,2] =
(2,4,1) and AC =C — A=[1,2,3] - [1,-1,2] = (0,3,1).
- 2:0+4-3+1-1 13
lall - |7 V22 +42+12- V0P +32+12 V2110
On the calculator, using the inverse function cos™" we find (don’t forget to set on the degree
mode for angles first!) the value o = 26.2°.

= 0.8971.

Cos o =

Analogously, we calculate angle 3 between vectors BA = A — B = 1,-1,2] —[3,3,3] =
(—=2,—4,—1) and BC =C - B =[1,2,3] — [3,3,3] = (=2, —1,0). We obtain § = 38.7°.
The angle v between vectors CA= A —C and CB =C — B is = 115.1°.
. . 3 11 524
Example 3. Given matrices R = lQ . 11 , S = lo 9 1] .

(a) Solve the matrix equation 3R + 2X = S,
(b) Calculate the matrices R-S, W =R-S* ST'.R Z=W2

Solution. (a) We "move” matrix 3R to the right side and then divide the equation by 2:
524] [9 33 —4-1 1 —-2-3 3
X =3(5-3R) 2([021] [6 —33]) 2[—6 5—2] [_3 —1]

(b) The product R - S is not defined, because R has 3 columns, but S has only 2 rows.
Further,

DOt N[ =

W—R~ST—-3 11] 28 B 3.54+1-2+41-4 3.041-2+1-1] [21 3
- T2ty 25244 2:04 (1) 2411 12 -]
50] a4, 5-340-2 5.-140-(=1) 5-1+40-1 1555
ST.-R= |22 .[2_111= 2.342.2 2.1+42-(-1) 2-1+2-1|=[1004
41| 4.341-2 4-1+41-(=1) 4-1+41-1 1435
21 3] [21 3 477 60
_ 2 _ . — . =
Z=W=W-W [12 —1] [12 —1] [24037]'



ULOHY K RESENI

Uloha 1.1. Pro kazdy vyrok tykajici se intervalii realnych éisel rozhodnéte zda je pravdivy
nebo nepravdivy.

(a) (—3,4+00) je otevieny interval.

(b) Mnozina vSech feSeni nerovnice x? — 4z < 0 je polouzavieny interval.
(¢) Prunik dvou uzavienych intervalu je vzdy uzavieny interval.

(d) Sjednoceni dvou intervali je vzdy interval.

Uloha 1.2. Dény vektory o = (—=2,0,8), v=(1,2,1), W = (—1,-1,3), 2= (1,0, —4).

(a) Vypoctéte normy vektoru 24 — 39, (u-9)-w, W x2Z, a (W X 7) X u,
Uloha 1.3. Reste vzhledem k & (@, ¥, W, Z jsou vektory z Ulohy 1.2).

(a) 27 — ¥ = 37, (b) 20 + 37 = @

(¢)2(u+2) = 3(UV+ &) =+ &, (d) @+ 27 =0, kde 0 mé 3 slozky.
Uloha 1.4. Najdéte neznamé realné cislo r.

(a) ||(%, %,T)” =2 (b) (2,7,3,—71) a (—1,2,1,8) jsou ortogonélni,

(c) (1,—-1,0,r) je jednotkovy vektor, (d) norma vektoru (0,4,r,4) je vétsi nez 6,

(e) (1,-3) a (r,6) jsou paralelni, (f) skalarni soucin vektoru (r,8,0), (r, —r,2) je —12.

Uloha 1.5. V roviné dény body A =[—1,3], B =[1,10], C = [8,2], D = [0, —1].
(a) V. AABC vypoctéte velikost vSech jeho thlu.
(b) Ve étyfihelniku ABC' D najdéte velikost tihlu mezi jeho thlopiickami.

Uloha 1.6. A je matice typu 2 x 4, B je matice typu 2 x 3 a C' je matice typu 3 x 2.
Najdéte typ matice X.

(a)3A+XT=A (b) X = BT — 3C () X =AT.B
(d) X =BT.CT e)X=C-B-C (f) X = A3

Uloha 1.7. Pro ¢tvercové matice P = [1 _2] , Q= l 1 2] najdéte matici Y.

4 0 10 —2
(a) Y =Q—P" b)yP-Y=P-Q (c) YT = p?

(d)3P+Y"=Q ()Y=P-Q+Q-P Yy =P QT
(g)3P-Y =Q"+Y (h) Y = PS (i) Y = Q*(PT)?

Uloha 1.8. Pro matice A, B nize vypoctéte (jestlize existuji) nasledujici matice:
A-B, B-A AY.BY BT.AT A.AT BT.B.

1 1 0 -1 _(1] 2 i

A= 1 0 0 |, B =
7 3 1 2 L5 3
0 2 0



PROBLEMS TO SOLVE

Exercise 1.1. For each proposition concerning intervals of real numbers decide if it is true
or false.

(a) (—3,400) is an open interval.
(b) The set of all solutions of the inequality z* —4x < 0 is a half-closed interval.
(¢) The intersection of two closed intervals is always a closed interval.
(d) The union of two intervals is always an interval.
Exercise 1.2. Given vectors 4 = (—2,0,8), 7= (1,2,1), W = (—1,-1,3), 2= (1,0, —4).
(a) Calculate the norms of vectors 2u —3v, (u-¥)-w, W x2Z, and (W X ¥) X u,

(b) from vectors @, ¥/, w0, Z’ choose couples of parallel or orthogonal vectors.

—

Exercise 1.3. Solve for ¥ (4,9, , Z are vectors from Exercise 1.2).

(a) 27 — ¥ = 37, (b) 20 + +7 = @

(c) 2(i+ %) —3(U+Z) =W + 7, (d) @+ 2% = &, where 0 has 3 components.
Exercise 1.4. Always find the unknown real number r.

() (3, 3.7)]| =2 (b) (2,7,3,—r) and (—1,2,1,8) are orthogonal,

(c) (1,-1,0,r) is a unit vector,  (d) the norm of vector (0,4,r,4) is greater than 6,

(e) (1,—3) and (r,6) are parallel, (f) the dot product of vectors (r,8,0), (r,—r,2) is —12.

Exercise 1.5. In the plane, given points A = [—1,3|, B =[1,10], C = [8,2], D = [0, —1].
(a) In AABC, calculate the measures of all its angles.
(b) In quadrilateral ABCD, find the measure of the angle between its diagonals.

Exercise 1.6. A is a 2 x 4 matrix, B is a 2 x 3 matrix, and C'is a 3 X 2 matrix.
Find the size of matrix X.

(a) 34+ XT = A (b) X = BT — 3C () X =AT. B
(d) X = BT.CT ) X=C-B-C (f) X = A3

Exercise 1.7. For square matrices P = H _g] and Q = ll(l) _;], find matrix Y.
)

()Y =Q—P"T b)P-Y=P-Q (c) YT = p?
(d)3P+YT=Q
(g)3P-Y =QT+Y

) Y=P-Q+Q-P HYy=r-Q"
(h) Y =P° (i)Y =@*P")?
Exercise 1.8. For matrices A, B below compute (if they exist) the following matrices:
A-B, B-A AY.BT BT.AT A.AY B'.B.

1 1 0 -1 _(1) 2 411
703 1 9 15 3
0 2 0



Minitest MT1-2

L. Dény dva intervaly redlnych ¢isel I = (—3,4), J = (3,5) a redlné ¢islo r = 3.
Nyni jsou dany 3 vyroky:  Vy: [TUJ jeinterval, Vo: relnJ, Vs=V; AV,
Urcete, které z vyrokua Vi, Vs, V3 jsou nepravdivé.
(A) vSechny, (B) zddny z nich, (C) pouze Vi (D) prévée V, a V.
(E) Zadna z uvedenych odpovédi neni spravna.
2. Porovnejte normy nasledujicich vektoru z ruznych vektorovych prostoru
p= (27 _3)7 q= (27 _272)7 r= (07 —1, 272)~
(A) llpll < Tlgll <l B) llgll < llrll <Tlpll  (C) lIrll < llglt < lpll (D) flrll <ol < lqll-
(E) Zadny z uvedenych vyroku neni pravdivy.
3- Dény vektory p=(1,2,3), 7= (2,2,1), 7= (—1,0,3). Vysledek (7x 7)-7 je
(A) -2 (B)2 (C) (—4,0,6) (D) (4,0,—6). (E) Jiny nez uvedeno.
4 N ajdéte mnozinu vSech hodnot x € R, pro néz jsou vektory
a=(1,-1,2,-2) a b= (5,4, x,x) ortogonalni.
(A9 (B) {-1} (C){1} (D) {-1,1}. (E) Zadna z uvedenych mnozin.
5 V prostoru dény body A =[1,-1,0], B=[-3,1,1] a C =12,1,9].
Vypoctéte velikost thlu § v AABC' a zaokrouhlete na nejblizsi cely stupen.
(A) 70° (B) 71° (C) 72° (D) 73° (E) 74°.
6.
P je matice typu 3 x 2 matrix, ) je typu 2 x 3.  Najdéte typ matice @ - <3P — QQT).
(A)2x2 (B)3x3 (C)2x3 (D)3x2 (E)Zadny z uvedenych.
7. Urcete pocet chyb ve vysledku nasledujictho nasobeni matic
[1 2 —81. } ; 112 1[11 0 135]
1 -1 5 11 —16 -5 4 =98
(A)O B)1 (C) 2 (D) 3 (E) vice nez 3.
8. 1 2 11
Pro A= ll _1] , B = [3 0] feste maticovou rovnici 2AT — X = B - A.
Potom hodnota prvku zs; je
(A) —4 (B) 4 (C) -8 (D) 8. (E) Neni zddnd z uvedenych.
9.

- 1 _ .
Pro zadanou matici M = [1 01 vypoctéte jeji mocninu M4,

(A)“H (B)Bgl (C>[gg] <D>[§§] <E>B§].

10




Minitest MT1-2

1.

Given two intervals of real numbers I = (—3,4), J = (3,5) and real number r = 3.
Now, given 3 propositions:  V;: IUJ isan interval, Vy: relInJ, V3=V AW,

Determine, which of the propositions V;, V,, V3 are false.

(A) all of them, (B) none of them, (C) only V; (D) just V, and Vs.

(E) None of the above answers is correct.

Compare the norms of the following vectors from different vectors spaces

ﬁ: (27—3)7 CT: (27—272)7 T= (07_17272>‘

(A) llpll < llgll < lirll B) llgll < llrl <lipl (C) llrll < llgll < llpll (D) lIrll < llpll < llgll
(E) None of the above propositions is true.

Given vectors p = (1,2,3),7= (2,2,1), and ¥ = (—1,0,3). The result of (¢'x p) -7 is
(A) -2 (B)2 (C)(—4,0,6) (D) (4,0,—6). (E) None of the above.

Find the set of all values of x € R for which the vectors
a=(1,-1,z,-2), b= (5,4, z,x) are orthogonal.
(A0 (B){-1} (C){1} (D) {-1,1}. (E) None of the above.

In space, given points A = [1,—1,0], B =[-3,1,1], and C = [2,1,9].
Determine the measure of angle 5 in AABC" and round it to the nearest degree.

(A)70°  (B)71°  (C)72°  (D)73*  (E) 74

Pisa3x2matrix and Qisa?2x3matrix. Find the size of matrix Q- (3P — 2QT).
(A)2x2 (B)3x3 (C)2x3 (D)3x2 (E) None of the above.

Determine the number of errors in the result of the following matrix multiplication
l12—8]_ 13112 1[110135]
1 -1 5 11 —16 -5 4 —98
(A)O B) 1 (C) 2 (D) 3 (E) more than 3.

For A= “ _21], B = [; (1)] solve the matrix equation 24" — X = B - A.

Then the value of the entry x; is

(A) —4 (B) 4 (C) -8 (D) 8. (E) None of the above.

For the given matrix M = l 1 (1)] calculate its power M?.

W[t ] o[l o] o]
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TEMA 3. Hodnost

Soubory vektoru ve V,,
S:v,03,...,0% soubor vektoru; zalezi na poradi, vektory se mohou opakovat,

Linearni kombinace ... lin. kombinace souboru S s koeficienty c1,co, ..., cg
je vektor ¥ =c¢y - U1 +co- 03+ ... + ¢ - Uk,
Trividlni kombinace ...  vSechny koeficienty rovny 0 (vysledkem je nulovy vektor o),

Netrividlni kombinace  ma& aspon jeden koeficient nenulovy,

(S)) ... linedrni obal souboru S, tj. mnozina vSech linearnich kombinaci v S,

Zavisly soubor S ... 0 lze z néj ziskat néjakou netrivialni kombinaci,

Nezavisly soubor S ... 0 lze z néj ziskat pouze trividlni kombinaci,

P={9) ... P je podprostor prostoru V,,, G je systém generdtoru podprostoru P,

Béze podprostoru P kazdy nezavisly systém generdatoru podprostoru P,

Soufadnice vektoru v jediny soubor koeficientt ¢y, ..., ¢ takovy, ze

v bazi B T=c1-by+...+cp-bp, kde B:by,.... b,

h(S) ... hodnost souboru & = velikost jeho maximalniho nezav. podsouboru,

h(A) ... hodnost matice A = hodnost souboru vsech rddkovych vektoru A,

dim(P) ... dimenze podprostoru P = pocet vektoru libovolné jeho béze.
Poznamky

e Prazdny soubor povazujeme za nezavisly s hodnosti 0. V zavislém souboru je jeden
z vektoru lin. kombinaci ostatnich, v nezavislém souboru takovy vektor neexistuje.

e S majici k vektoru je zavisly, prave kdyz h(S) < k; je nezavisly, pravé kdyz h(S) = k.
e Vektor ¢ patif do lin. obalu souboru S, pravé kdyz nezvysuje jeho hodnost.

e Hodnost souboru vektoru uré¢ujeme pomoci hodnosti matice. Dimenze podprostoru je
ddna hodnosti jeho libovolného systému generaroru. Specialné je dim(V},) = n.

e Bazi podprostoru P dostaneme odstranénim zavislych vektoru ze systému generatort.
e Uloha na uréeni souradnic vektoru v bzi vede na soustavu rovnic.

Urceni hodnosti matice

Matice je v Gaussové tvaru, jestlize neobsahuje nulovy fadek a kazdy radek ma vice levych nul
nez faddek predchozi (napt. E). Hodnost matice v Gaussové tvaru je rovna poctu jejich radku.
Kazdou nenulovou matici 1ze upravit na Gaussuv tvar — hodnost zlstane stejnd. Tak muzeme
ur¢it hodnost kazdé matice.

Ekvivalentni tipravy matice (operace (1) - (4) se mohou lze opakovat).

(1) Libovolné zmeénit poradi radku. (4) Odstranit (nebo i pfipojit) nulovy radek.
(2) Nésobit libovolny Fadek nenulovym ¢islem (tedy i délit).

(3) K libovolnému fadku pricist (tedy i odecist) linedrni kombinaci ostatnich Fadku.
Poznamky

e V matici v Gaussové tvaru se fadky po sobé jdouci mohou lisit o vice nez jednu levou
nulu. Navic uz jeji prvni fadek muze obsahovat jednu nebo vice levych nul.

e Jediné nulové matice maji hodnost 0.

e FEkvivalentni tipravy lze provadét i se sloupci matice (ale my to nikdy nedéldme!).

e Pro kazdou matici h(A) = h(AT), coz souvisf s piedchoz{ pozndmkou.
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TOPIC 3. Rank

Systems of vectors in V,,

S v, Vs,..., Uk a system of vectors; the order matters, the vectors can repeat,
Linear combination ... lin. combination of system S with coefficients ¢y, co, ..., ck
is vector U=1c¢1 V] +¢co-03+ ...+ ¢ - U,

Trivial combination ... all its coefficients equal 0 (the result is the zero vector 0),

Non-trivial combination  has at least one non-zero coeflicient,

(S)) ... the linear span of S, i. e. the set of all lin. comb. of vectors in S,

Dependent system S ... & can be obtained as some non-trivial combination,

Independent system S 0 can be obtained as the trivial combination only,

P=((G)) ... P is a subspace of V,,, G is its system of generators,

Basis of subspace P any independent sytem of generators,

Coordinates of vector ¥  the unique system of coefficients ci, ..., c; such that

with respect to basis B T=cy-by+...+ Cr - b_;; where B : b_i, e ,b_;;,

h(S) ... the rank of system S= the size of its maximal indep. subsystem,

h(A) ... the rank of matrix A= the rank of the system of all its row vectors,

dim(P) ... the dimension of subspace P = the number of vectors in any basis.
Notes

e The empty system is supposed to be independent with rank 0. In a dependent system, one of
the vectors is a lin. combination of the others, in an indep. system, such a vector doesn’t exist.
e S having k vectors is dependent if and only if h(S) < k; it is indep. if and only if h(S) = k.
e Vector ¥/ belongs to the span of system &, if and only if it does not increase its rank.

e The rank of a system of vectors is determined by means of the rank of a matrix. The dimension
of a subspace is the rank of any system of generators. Especially, dim(V},) = n.

e A basis of subspace P can be obtained by removing dep. vectors from a system of generators.
e The problem of finding coordinates of a vector leads to a system of equations.

Determining the rank of a matrix

A matrix is in the Gaussian (echelon) form if it doesn’t have a zero row and any row contains
more left zeros than the previous one (e. g. ). The rank of a matrix in the Gaussian form equals
the number of rows. Each non-zero matrix can be tranformed into a matrix in the Gaussian form
— the rank is the same. In this way, we can determine the rank of any matrix.

Equivalent transformations of (row operations on) a matrix

(operations (1) - (4) can be repeated)

(1) To change the order of rows arbitrarily. (4) Remove (or even to join) a zero-row.
(2) To multiply any row by a non-zero number (thus also to divide).

(3) To add to any row (thus also to subtract from) a lin. combination of the other rows.

Notes

e In a matrix in the Gaussian form, two consecutive rows can differ by more than one
left zero. Moreover, already the first row of such matrix can have one or more left zeros.
e Only zero matrices have their rank equal to zero.

o Equivalent transformations are also possible for the columns of a matrix. (But we never do it!)

e For every matrix h(A) = h(AT) which is connected to the previous note.
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RESENE PRIKLADY 4 3 1 2 1
. ) . 2 3 2 2 1
Priklad 1. Urcete hodnost matice M = 2 3 1 0 2
1 3 2 0 2
Reseni. Rédkovymi tpravami prevedeme matici M na Gaussuv tvar.
43121 1002 —1 100 2 -1 10 0 2 -1
23221 2322 1 032 -2 3 03 2 -2 3
33102 13310 2| 0316 5|~ 0o0-1-a 2| ~HM=3
13202 1320 2 032 -2 3 00—6—">06—>0
Vysvétleni: 1. krok: od 1. fddku odeéten 3. radek; 2. krok: od 2. fddku odecten 2-nasobek

prvniho, od 3. fadku odecten 3-nasobek prvniho, od 4. fadku odecten 1. t.;
3. krok: od 3. radku odecten 2. t., od 4. fadku odecten 2. I. a 4. fadek potom vyskrtnut.

Piiklad 2. V prostoru V3 je ddn soubor vektoru S : (2,1,2),(4,3,—1),(2,0,7). Oznac¢me
P =< § >. Zjistéte hodnost souboru & a rozhodnéte, zda je zavisly nebo nezavisly. Déle
urcete dimenzi podprostoru P a najdéte néjakou jeho bazi.

Reseni. Vektory souboru S usporaddme do matice a uréime jeji hodnost.

21 2 2 1 2 21 2 51 o
43 -1|~|0 1 -5|~|01 -5 ~l01_51 hS) =2.
20 7 0 -1 5 00 0

Vysvétleni: 1. krok: od 2. fadku ode¢ten 2-nasobek prvniho, od 3. fddku odecten 1. T.;
2. krok: ke 3. fadku pficten 2. t.; 3. krok: vyskrtnut 3.7.

Soubor § je zdvisly, nebot md 3 vektory a h(S) = 2. Déle je dim(P) = h(S) = 2. Bézl
podprostoru P muze byt soubor vektoru vysledné matice tj. B : (2,1,2), (0,1, =5).
Piiklad 3. Ve Vj je dan soubor vektoru R : (1,2,-1,2), (2,2,3,2), (1,2,1,1).

Zjistete, zda vektor v = (1,0, 2, 1) patii do linedrniho obalu tohoto souboru.

Reseni. Nejdiive prevedeme soubor R do Gaussova tvaru:

[1 2 —1 2 1 2 -1 2
22 32|~|0 -2 5 =2 Tedy h(R) =3. A nyni pfipojime vektor v.
12 11 0 0 2 -1
(1 2 -1 2 1 2 -1 2 1 2 -1 2 1 2 -1 2
0 -2 5 -2 0 -2 5 -2 0 -2 5 -2 0 -2 5 -2
0 0 2-1[7J0o 0 2170 0 2-1]7]0 0 2 -1
|1 0 2 1 0 -2 3 —1 0 0 -2 1 0—0——0——0

Hodnost je opét 3 a tedy se nezménila. To znamend, ze v e R >.

Priklad 4. Ve V5 jsou dény 2 béze, A: @ = (1,2),d@ = (—1,3), B: b, = (2, -3),by = (5,1).
Soutadnice vektoru w v bazi A jsou —2, 4. Urcete soutradnice vektoru « v bazi B.

Reseni. Nejdifve si vypocteme slozky vektoru @: @ = (=2)-a@ +4-d, = (—6,8). Nyni

hleddme &isla cp, o tak, aby platilo @ = ¢ - by + ¢2 - by, tj. (—6,8) = c1 - (2, —3) + 2 - (5,1).
Tedy dostavame soustavu 2 rovnic o dvou neznamych, kterou vyresime adi¢ni metodou:

rovnice pro 1. slozku: 2c1+5co=-—6 2¢1 +5c3 = —6 46
17¢; = —4 S
rovnice pro 2. slozku:  —3¢1+ co= 8 15¢1 — 5o = —40 = 17 6= a 17
: 1 ; “len | : _ _ 138 _ _ 2
Z puvodni rovnice pro 2. slozku je potom: ¢ =8+3-¢1 =8 — 32 = — .

_46 —2
17’ 17"

Zkouska spravnosti: (—%) (2,-3) + (—%) - (5,1) = (—%2, %) = (—6,8) = .

Soutadnice vektoru @ v bazi B jsou c¢; = Cy =
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EXAMPLES 4 3 1 2 1
. . 2 2 2 1
Example 1. Determine the rank of matrix M = 3
3 3 1 0 2
1 3 2 0 2
Solution. We use the row operations to get matrix M into the Gausian form.
43121 1002 -1 100 2 -1 10 0 2 -1
23221 2322 1 032 -2 3 03 2 -2 3
5310273310 2| ]031-6 5|7 |00-1-14 2| TMM=3
13202 1320 2 032 -2 3 00—06—06——>0
Explanation: Step 1: from r. 1 subtracted r. 3; Step 2: from r. 2 subtracted 2-multiple of r.

1; from r. 3 subtracted 3-multiple of r. 1; from r. 4 subtracted r. 1;
Step 3: from r. 3 subtracted r. 2, from r. 4 subtracted r. 2 and then r. 4 deleted.

Example 2. In the space V5 given system of vectors S :(2,1,2),(4,3,—1),(2,0,7). De-
note P =< & >. Find out the rank of system S and decide if it is dependent of independent.
Further, determine the dimension of subspace P and find some of its bases.

Solution. We arrange the vectors of system & into a matrix and determine its rank.

21 2 2 1 2 21 2 01 9
43 -1|~]0 1 -5[~|01 -5 ~[01_5] h(S) = 2.
20 7 0 -1 5 00 0

Explanation: Step 1: from r. 2 subtracted 2-multiple of r. 1, from r. 3 subtracted r. 1;
Step 2: to r. 3 added r. 2; Step 3: deleted r. 3.

S is dependent because it has 3 vectors and h(S) = 2. Further, dim(P) = h(S) = 2. A basis
of subspace P can be B : (2,1,2),(0,1,—5) from the resulting matrix.

Example 3. In Vj}, given system of vectors R : (1,2,—1,2), (2,2,3,2), (1,2,1,1).

Find out, if vector ¢ = (1,0, 2, 1) belongs to the span of this system.

Solution. First, we transform system R into the Gaussian form:

(1 2 -1 2 1 2 -1 2

22 32|~|0 -2 5 =2 Thus, h (R) =3. And now, we join vector .
112 11 0o 0 2 -1

(1T 2 -1 2 1 2 -1 2 1 2 -1 2 1 2 -1 2

0 -2 5 =2 0 -2 5 =2 0 -2 5 =2 0 -2 5 =2

0 0 2-1"]0 0 2-1]7]0o 0 2-1]7|0 0 2 -1

11 0 2 1 0 -2 3 -1 0O 0 -2 1 4—060—"0—0

—

The rank is again 3, thus it hasn’t changed. It means that v e< R >.

Example 4. In V5, given bases A : @ = (1,2),d = (=1,3), B : by = (2,—3),by = (5,1). The
coordinates of vector o with respect to A are —2,4. Find the coordinates of w with resp. to B.
Solution. First, we calculate the components of w: @ = (—=2)-d; +4 - dy = (—6,8). Now,
we will find ¢;, ¢ such that @ = ¢; - by + ¢y - 52, i.e (=6,8) =c;-(2,-3)4+c2-(5,1). We
get a system of 2 equations in 2 variables and solve it by means of the addition method:
equation for the 1st comp.: 2c;+5co=—6 2¢1 +5c3 = —6 6

_ _ _46
equation for the 2nd comp. : —3¢c1+ ca= 8 15¢1 — Heg = —40 = e =—46 = o 17
From the original equation for the 2nd component: ¢ =8 +3-¢; =8 — % = —12—7.
The coordinates of vector w with respect to basis B are ¢; = —%, Ccy = —%.

Check: (—19) - (2,-3) + (%) - (5,1) = (12, %) = (=6,8) = .
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ULOHY K RESENI

Uloha 3.1. Rozhodnéte, které z néasledujicich matic jsou v Gaussové tvaru.

o [oi] wf] ol @l @i o

003 003
0 1 2 3 01 2 3]
. 0 2 2 1 00—-2 =5
. oy — N
Uloha 3.2. Co se stalo s jednotlivymi fadky matice’ 0 -1 1 2 00 3 5
0O 7 91 00 —5—20]

Uloha 3.3. Pomoci vypoctu hodnosti rozhodnéte u zadanych souboru, zda jsou zavislé
nebo nezavislé a urcete dim(< S >):

(a) S: (1,2,3,4), (0,0,0,0) (b) S: (1,0,1), (0,1,1), (=1,2,1)
(¢)S: (1,2,1), (0,1,2), (1,2,3) (d)S: (1,0,—1,1), (1,—2,0,2), (1,1,11,1)

Uloha 3.4. Urcete hodnosti viech matic v tloze 3.1.

1 3 1 3 =3 0
. , 5 , |1 0 1 B 1 0 1
Uloha 3.5. Jsou dany dvé matice A= 1 2 o | B = 0 11
5 0 0 1 1 0

Uréete hodnosti matic: A, B, A+B, 24—-B, A-B, B-AT' AY B.BT

Uloha 3.6. Rozhodnéte, ktery ze zadanych dvou vektoru patii do lin. obalu souboru §

(a) v = (1,5), U = (—6,2), S: (3,—1),(-3,1),(12,—4), (—24,8)

(b) & = (1,4 ) =(0,-1,-2), S:(1,2,3),(1,1,1),(2,5,8),(2,2,2)

(c) & = (1, 2,1,2) (1,1,1,1), S:(0,1,1,1),(0,1,-3,1),(1,2,1, —4),

(d) @ = (1,0,0,0, 1) =(1,1,1,1,2), S:(1,0,1,0,1),(1,1,0,0,1),(0,1,1,1,1).

Uloha 3.7. Urcete dimenzi podprostoru zadaného souborem generdtoru S a najdéte
néjakou jeho bazi.

( ) ( 1) (_Sa1)7(12a_4)’(_2478)7(171)

(b) §:(1,2,3),(1,1,1),(2,5,8),(2,2,2)

(¢)S: (1,1,1,1),(0,1,1,1),(0,1,-3,1), (1,2,1, —4),

(d) S: (1,0,2,0,1),(1,2,0,0,1),(0,1,1,1,1),

(d)S: (0,0,1,1,1,1,1),(0,0,1,1,0,0,0), (0,0,0,0,0,1,1),(0,0,1,1,0,1,1).

Uloha 3.8. Rozhodnéte, zda B je baze prislusného prostoru V,,, a jestlize ano, najdéte
souradnice vektoru v v této bazi.

(a) 7= (11,5), B: (3,-1),(1,1) (b) @
(c) T=(4,2,9), B: (1,1,1),(0,1,1),(0,0,1), (d) 7

(10,43), B: (1,-1),(7,1)
(7,5,2), B: (1,0,1),(0,1,0), (1,1,1).

Uloha 3.9. Vektor ¢ mé v bazi A soufadnice —6, 7. Urcete jeho soutadnice v bazi B.
(a) A: (0,-1),(0,1), B:(1,0),(0,—1) (b) A: (4,4),(2,2), B:(1,1),(0,1)
(C> A (47 1)7 (27 1)7 B: (17 3)7 (97 1) (d) A (27 1)7 (77 7)7 B: (17 _1>7 (_37 3)
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PROBLEMS TO SOLVE

Exercise 3.1. Decide which of the following matrices are in the Gaussian form.

152 550
o 1] w ] ofon] @lonl o] wfh e

003 003
0 1 2 3 0or 2 3
. 0 2 1 00-2 -5
? ~Y
Exercise 3.2. What has happened to the rows? 0 -1 1 2 00 3 5
0 7 9 1 00 —-5-20

Exercise 3.3. Finding the rank, decide if the given systems are dependent or independent
and determine dim(< S >):

(a) S: (1,2,3,4), (0,0,0,0) (b) S: (1,0,1), (0,1,1), (—=1,2,1)
(¢)S: (1,2,1), (0,1,2), (1,2,3) (d)S: (1,0,—1,1), (1,—2,0,2), (1,1,11,1)

Exercise 3.4. Calculate the rank of all matrices from Exercise 3.1.

1 1

3
Exercise 3.5. Given two matrices A= g B =
0

—_ O = W
_ = O W

O~ = O

1 1
1 0 |’
5 0
Find the ranks of matrices: A, B, A+B, 2A-DB, A-B, B-AY AT B.BT

Exercise 3.6. Find out which of the given two vectors belong to the lin. span of the system S.

(a) 7 = (1,5), T = (=6,2), S: (3,—1),(=3,1),(12,—4), (—24,8)

(b) @ = (1,4,7), % = (0,—1,-2), S: (1,2,3),(1,1,1), (2 5,8),(2,2,2)
(c) & = (1,2,1,2) = (1,1,1,1), S:(0,1,1,1),(0,1,-3,1),(1,2,1, —4),
(d) 1_(1,0,0,0,1), 7 =(1,1,1,1,2), S: (1,0,1,0,1)7(1, ,0,0,1),(0,1,1,1,1).

Exercise 3.7. Determine the dimension of the subspace described by its generators S and
find some of its bases.

(a) S (3,-1),(=3,1), (12, —4), (—24,8), (1,1)

(b) S: (1,2,3),(1,1,1),(2,5,8),(2,2,2)

(¢)S: (1,1,1,1),(0,1,1,1),(0,1,-3,1),(1,2,1,—4),

(d)S: (1,0,2,0,1),(1,2,0,0,1),(0,1,1,1,1),

(d)S: (0,0,1,1,1,1,1),(0,0,1,1,0,0,0), (0,0,0,0,0,1,1),(0,0,1,1,0, 1, 1).

Exercise 3.8. Decide if B is a basis of a corresponding V,,, and, if so, calculate the
coordinates of vector ¥ with respect to this basis.

(a) 7= (11,5), B: (3,—-1),(1,1) (b) = (10,43), B: (1,—1),(7,1)
(c) T=(4,2,9), B:(1,1,1),(0,1,1),(0,0,1), (d) 7= (7,5,2), B:(1,0,1),(0,1,0), (1,1,1).

Exercise 3.9. The coordinates of vector ¥ with respect to basis A are —6, 7. Compute its
coordinates with respect to basis B.

(a) A: (0,—1),(0,1), B:(1,0),(0,—1) (b) A: (4,4),(2,2), B:(1,1),(0,1)
(€) A: (4,1),(2,1), B:(1,3),(9,1) (d) A: (2,1),(7,7), B:(1,—-1),(—3,3)



Minitest MT3

1. Linesrnf kombinace vektort 01 = (3,5,-2,0),v5 = (—1,7,13,-3),03 = (1,0, -2, 3)
s koefficienty ¢; =2,c0 = —3,c3 = —1 je
(A) (_8a_117_4176) (B) (8a117_41a6) (C) (8,—11,—4176)

(D) (8,—11,—41,—6). (E) Neni zddnd z uvedenych.

2. Kolik 7 nasledujicich ¢tytech souboru vektoru ve V3 je nezavislych?
S1:(1,0,1),(2,0,3),(—1,0,0), Sy 1 (—3,2,1),(0,0,4),(0,—1,0),
Ss:(—1,1,0),(1,0,5),(0,-3,6), Sy (1,1,1),(1,-1,0),(0,0,9)

(A)O B)1 (C) 2 (D) 3 (E) vsechny.
3+ Kolik 7 vektorii 7 = (3,2,5), 7 = (5,6,7), 7= (1,0, —1), 7 = (0, —1,3)
patii do linedrniho obalu souboru S : (1, 3,2), (2, — )
(A)O B)1 (C) 2 (D) 3 (E) vSechny.
4.
(1 (1N ., (1 0
Dany tfi matice A = (1 _1>, B = <0>, C = (O _1>.
Vyberte, co je spravné.
(A) h(A-B)=h(C-A) <h(A-C) (B) h(A-B) < h(C - A) < h(A-C)
(C) h(A-B)=h(A-C) < h(C-A) (D) h(A-B) < h(A-C)=h(C-A).
(E) Zéadny vztah nenf spravny.

- 10 2 6 2 -185

Dany matice P = <_3 A _5>,Q: 0-1 379].
4 5 —-601
Hodnost matice P-Q je (A) 1 (B) 2 (C) 3 (D) 4 (E) 5.
6. Kolik vypocetnich chyb bylo udélano v nize uvedeném postupu?
1 0 -1 -1 1 0 -1 -1 1 0 -1 -1 10 -1 -1
2 -1 1_3~O_1 3—1NO—1 3—1N023—1
O 0 1 5 0o 0 1 5 0o 0 1 5 00 1 )
4 1 5 6 0 1 9 10 0 0 12 9 00 0 —54
(A)O B)1 (C) 2 (D) 3 (E) vice nez 3.
7. Ve V, je zadéan podprostor P pomoci systému generatoru:
G:(-1,1,0,-1),(2,2,1,3),(—1,0,1,1),(0,4,1,1). Dimenze podprostoru P je
(A)O B)1 (C) 2 (D) 3 (E) 4.

8- Dény dvé béze ve Vi, totiz A (1,1),(1,3),  B:(—1,1),(4,2).
Soutadnice vektoru ¢’ v bazi A jsou 1, —1 a soufadnice vektoru w v bazi B jsou —2, 1.
Potom norma vektoru 2v 4 3 je
(A) V17  (B) 2V/17 (C) V85 (D) 2v/85. (E) Neni zddnd z uvedenych.

9

Dény dveé baze ve V3 A :(0,1,3),(1,1,2),(1,1,4), B:(2,1,3),(1,2,2),(1,—1,0).
Soutadnice vektoru v v bazi B jsou —3, —5, 2.
Potom soufadnice vektoru v v bazi A jsou

(A)0,-1,4 (B)-3,-52 (C)0,-1,1 (D)1,-1,1. (E) Jiné ne# uvedeno.
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Minitest MT3

L. Linear combination of vectors 01 = (3,5,-2,0),05 = (—1,7,13,-3),03 = (1,0, -2, 3)
with coefficients ¢; =2,¢c90 = —3,c3 = —1 is
(A) (_87_117_4176) (B) (87117_4176) (C) (87_117_41a6)

(D) (8,—11,—41,-6). (E) None of the above.

2. How many of the following four systems of vectors in V3 are independent?
S1:(1,0,1),(2,0,3),(-1,0,0), Sy 1 (—3,2,1),(0,0,4),(0,-1,0),
Ss:(—1,1,0),(1,0,5), (0, —3,6), Sy (1,1,1),(1,-1,0),(0,0,9)

(A)O (B) 1 (C) 2 (D) 3 (E) all of them.

3+ How many of vectors 7 = (3,2,5), @ = (5,6,7), 7= (1,0,~1), 7= (0, —1,3)
belong to the linear span of the system S : (1,3,2),(2,—1,3) 7
(A)O (B)1 (C) 2 (D) 3 (E) all of them.

4.

. . 1 1 1 1 0
Given three matrices A = (1 _1>, B = <O>’ C= (O _1>.
Choose what is correct (we use the symbol ”h” for the rank).
(A) h(A-B)=h(C-A) <h(A-C) (B) h(A-B) < h(C'-A) < h(A-C)
(C)h(A-B)=h(A-C) < h(C-A) (D) h(A-B) <h(A-C)=h(C-A).
(E) None of the above is correct.

- L0 9 6 2 -185
Given matrices P = (_3 4 _5>, Q=10-1 379].

4 5 —-601
The rank of matrix P-@Q is (A) 1 (B) 2 (C) 3 (D) 4 (E) 5.
6. How many errors in calculations were made in the procedure below?
1 0 -1 -1 1 0 -1 -1 1 0 -1 -1 10 -1 -1
2 —1 1 -3 0o -1 3 —1 0o -1 3 —1 02 3 -1
0O 0 1 5 0 0 1 5 0O 0 1 5 00 1 5
4 1 5 6 0O 1 9 10 0O 0 12 9 00 0 —54
(A)o (B)1 (C)2 (D)3 (E) more than 3.
7. In Vj, given subspace P spanned by the system:
G:(-1,1,0,-1),(2,2,1,3),(—1,0,1,1),(0,4,1,1). The dimension of subspace P is
(A) O (B) 1 (C) 2 (D) 3 (E) 4.

8- Given two bases of Vo, namely A :(1,1),(1,3), B:(—1,1),(4,2).
The coordinates of vector v with respect to basis A are 1, —1, and the coordinates of
vector w with respect to basis B are —2, 1. Then the norm of vector 2v + 3w is
(A) V17 (B) 2V/17 (C) V85 (D) 2/85. (E) None of the above.

9

Given two bases of V3 A :(0,1,3),(1,1,2),(1,1,4), B:(21,3),(1,2,2),(1,—1,0).
The coordinates of vector v with respect to basis B are —3, —5, 2.
Then the coordinates of vector ¥ with respect to basis A are

(A)o,-1,4 (B)-3,-5,2 (C)0,-1,1 (D)1,-1,1. (E) None of the above.

19




TEMA 4. Ctvercové matice

Réd ¢étvercové m. A je pocet jejich radku (sloupcu), tj. A je typu n x n,

det(A) ... determinant ¢tvercové matice A,

Ajj. .. algebraicky doplnék prvku a;; ve ¢tvercové matici A,

A, adj(A) ... matice adjungovans k matici A,

At matice inverzni k matici A (plati A- A™' = A"'. A= F),

Regulérni matice . .. hodnost je rovna jejimu fadu, determinant neni roven nule;

pouze regularni matice ma matici inverzni,

Singularni matice . .. hodnost je mensi nez jeji fdd, determinant se rovna nule.

Poznamky

e Algebraicky doplnek A;; v A se pocitd jako A;; = (—1)"* - det(Sa, ), kde Sa,; je
submatice matice A, kterou z ni ziskame vyskrtnutim ¢-tého radku a j-tého sloupce.

e Matici adjungovanou k A sestavujeme z doplnku a pak jesté transponujeme. Kazda
¢tvercova matice ma matici adjungovanou.

e Determinanty vyssich fadu pocitame rozvojem.

Vypocet determinantu
a b

Réd 2 (kifzové pravidlo): det [ o d

] =a-d—c-b, fad 3 (Sarrusovo pravidlo):

aip a12 a13

det | a1 age azz | = ar1ageass + a12a23a31 + a13a21a32 — (a13a22a31 + 11023032 + A12a21033)
a3l as2 ass

Rozvoj podle radku 7: det(A) = anli + apAip + ... + ainAin

Rozvoj podle sloupce j: det(A) = a1;A1; + agjAs; + ... + anjAn;

Poznamky

e Pii prehazovani fadku v A se muze zménit znaménko det(A). Z fadku lze vytknout
¢islo pred cely determinant. Determinant se neméni, kdyz k fddku pticteme (odecteme)
linedrni kombinaci fadku ostatnich.

e Pro libovolné matice fadu n plati det(A) = det(AT), det(A- B) = det(A) - det(B).

Vypocet inverzni matice k matici regularni

Pomoci matice adjungované: A='=_-1_.A4
det A

Eliminaci: A’E ~LLL Y LY E|A_1
Al E] | |

Poznamky

~1
. B a b d —b
e Pro druhy 7ad je: A 1=[ ] :deiA'[ ]

cd —c a
e Vypocet inverzni matice muze byt dosti ¢asové narocny.
e Je-li A regularni matice, muzeme fesit maticovou rovnici A - X = B takto:
A X=B — A1 A X=A"1'B —E-X=A1B — X=A1.B
e Je-li A regularni matice, muzeme fesit maticovou rovnici X - A = B takto:
X A=B — X-A-A'=B.A!' - X.E=B-A!'! — X=B-A%
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TOPIC 4. Square Matrices

Order of square m. A is the number of its rows (columns), i. e. A is an n X n m.,

det(A)... determinant of A,

Aij. .. the co-factor (or algebraic complement) of entry a;; in A

A, adj(A) ... the adjoint matrix of A,

AT the inverse matrix of A (thereis A- A™' = A"1.- A=F),

Non-singular matrix ...  the rank is equal to the order, the determinant is not equal

to zero; only a regular matrix has its inverse,

Singular matrix . .. the rank is less than the order, the determinant equals zero.

Notes

e The co-factor A;; in A is calculated as A;; = (—1)""7 - det(Sa, ), where Sy, ; is the
submatrix of A obtained by deleting of the i-th row and the j-th column from it.

e The adjoint matrix of A is first formed by the co-factors and then transposed. Every
square matrix has its adjoint matrix.

e Higher order determinants are calculated by the development (the Laplace expansion).

Calculation of the determinant

. b

Order 2 (the ”cross” multiplication): det [ CCL d] =a-d—c-b, order 3 (the Sarrus rule):
ail aiz ais

det | a1 a2 a3 | = arjagass + ajzazzazy + a13az1azz — (a13a22a31 + 411623032 + a12a21033)
as1 az2 ass

Development by row i: det(A) = andi + apAip + ... + appnAin

Development by column j: det(A) = a1;A1; + agjAs; + ...+ anjAn;

Notes

e If the rows of A are permuted then the det(A) can change its sign. A factor common to
all the entries of a row can be taken before the whole det(A). The value of the determinant

does not change if to a given row a linear combination of the other rows is added.
e For any matrices of order n there is det(A) = det(AT), det(A- B) = det(A) - det(B).

Calculation of the inverse to a regular matrix

By means of the adjoint matrix: A™' = -4
Elimination: {A | E] ~NLLL N Y [E | A_l}
Notes

e The computation of the inverse matrix can be quite time-spending.

-1
. o4-1_|ab _ 1 | d-b
e For order 2 there is: A~ = [C d] = Jot A l_c a]

e If A is a regular matrix, the matrix equation A - X = B can be solved like:
A X=B — A1 A X=A"1B —FE-X=A1'B — X=A1.B

o If A is a regular matrix, the matrix equation X - A = B can be solved like:
X-A=B — X - A-A'=B.A!' —X.E=B-A! — X=B-A%.
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RESENE PRIKLADY

150
Priklad 1. Pro matici M vpravo M=10 2 4
(a) determinantem testujte singuldrnost, 013
(b) sestavte M a z ni M1, (c) vypoctéte eliminaci M 1.

Resend. (a) Sarrusovym pravidlem uréime det(M). Je-li nulovy, je M singuldrni matice.
det(M)=1-2-3+5-4-04+0-0-1—-(0-2-04+1-4-14+5-0-3) =2 # 0 (matice je reguldrni).

(b) Pocitdme vsechny dopliky M,;: My = (—1)'*! - det ﬁ g] =(-D)H*.(2:3-4-1) =
My = (—1)3det 8;1 =—(0-3-4-0)=0, M3=(—1)*det 8? =0-1-2-0=0,
.. |50] 4 |10]
My = (=1)%det || 4| =—(5:3-01) = =15, My = (-1)*det | || =1-3-0-0=3,
s |15] 4. [50]
Mz = (=1)°det |\ | =—(1-1-5:0)=—1, My = (-1)"det |, | =54-0-2=20,
s, |10] 6. |15]
Mggz(*l) det *(14*00):*4 Mggz(*l) det =1-2-5.-0=2.
104 02
7 doplnku sestav1me matici, kterou transponujeme. Tak z1skame M a z ni snadno M~
2 —15 20 2 —15 20 1 —15/2 10
M=|-15 3 =1 |0 3 —4 3/2 —2
20 —4 0 -1/2 1
150100 150/1 00 10 —10[1 =5/2 0 100/1 -15/2 10
(¢)|{024010|~|01201/20]|~]|01 20 1/20|~]|010/0 3/2 -2
013001 0130 01 00 10 —-1/21 0010 —-1/2 1

Piiklad 2. Vypocet determinantu 4. fadu provedeme (po upravé matice) rozvojem podle
tretiho sloupce. Je mnoho jinych moznosti vypocétu tohoto determinantu.

0 3 11 0 3 11
S e et _ 2.7 25| 2 10 3|
Regeni. (KIli¢. jednicka je a13) det A = det 31 12| = det 3 2920 1|~
1 3 2 4 1 -3 0 2
2 13
:CL13'A13—|—CL23'A23—|—CL33'A33—|—CL43'A43:1'(—1)1+3'd6t 3 —2 1 +0—|—0+0:—28
1 -32

3 =2 34 12

Reseni. Rovnici postupné upravujeme; na levé strané vytkneme matici X doprava za zavorku.

Piiklad 3. Reste rovnici [2 11.)(—[1 2]:l3 0]+2X.

Nakonec budeme potfebovat inverzni matici, ktera se v pripadé 2. fadu urci snadno :

e R b R S (FH B U | RSV Y

—1
02] ., [42 Jo2 42] [ 1-2][42] 25
—>[11]'X_[46] - X‘L 11 '[46]“2[—1 0] l46]_[2 1]'
: , Cf22] , J1r2] _[710 , 30 710
Zkouska. Levastrana—[131 X [3 4‘|—[5 4] Pravastrana—[l 9 +2X—[5 4‘|




EXAMPLES L5 0

Example 1. For matrix M (a) test its singularity using the det., A/ = |0 2 4
(b) create M and M~! from it, (c) calculate M ! by elimination. 01 3

Solution. (a) We evaluate det(M) using the Sarrus rule. If the result is zero, M is singular.
det(M)=1-2-3+5-4-0+0-0-1—(0-2-04+1-4-145-0-3) = 2 # 0 (the matrix is non-singular).

(b) We calculate all the cofactors M;;: My = (—1)'!-det ﬁ g] =(-D*t.(2.3-4-1)=2.
Mm:(—n%htgg =—(0-3-4-0)=0, Mmz(—n%mtgf =0-1-2-0=0,
5. [50] 4. |10
Mglz(—l) det 13 :—(5-3—0'1):—15, MQQI(—l) det 03 =1-3—-0-0=3,
s [1s] 4o |50]
Myy = (=1)7det | )| ==(1-1-5-0)= =1, My = (=1)*det |, | =5-4-0-2=20,
s |10] 6. [15]
M@:(—U(kt04 =—(1:4-0-0)=—4, Msz=(—1)%det 02::L2—5~0:2
We create the Cofactor matrix, and then transpose it. Thus we obtamM and M~! from it.
2 0 0" -—15 20 2 ~15 20 1 ~15/2 10
M=|-15 3-1 . Mt =400 3 —4 3/2 —2
20 —4 2 0 -1/2 1
150/(100 1501 00 10 -10|1 =5/2 0 100|1 —15/2 10
(¢c)lo24010|~|012/01/20|~]01 2/0 1/20|~|010[0 3/2-2
013001 0130 01 00 110 =1/2 1 0010 —-1/2 1

Example 2. The evaluation of a det. of order 4 is done (after a matrix transformation)
by means of the development by the third row. There are many other ways to evaluate this
determinant.

0 3 1 17 0 311

| . _ 2725 2 103
Solution. (The pivot entry is a;3) det A = det 5 1 1 9 = det 3 _90 1|7

1 3 2 4 1 -3 0 2

2 13
:a13'A13+(123'A23+(I33'A33+(I43-A43:1-(—1)1+3~det 3 -21|+0+04+0=-28.
1 -3 2

3 =2 34 12

Solution. We gradually transform the equation; on the left side we factor out X after the brackets.
At the end, we need the inverse matrix, which, in the case of order 2, is easy to obtain :

B — (BB -
=[] - xeL AL B

22 12] [71w0] . [30
Check. Left Side = [1 3‘| - X = [3 4‘| = [5 4] Right Side = [

Example 3. Solve the equation [2 1] - X — [1 2] = [3 01 1+ 92X.

N[ =

cax= 1]

5 4
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ULOHY K RESENI

Uloha 4.1. Vypoctéte determinat a rozhodnéte, zda matice je regularni.

011 -2 6 2 -2 7 11 -2 71
A=1101|, B= 19 -7, C= 1 -2 5|, D= 1 -25

110 -20 1 3 0 -1 -1 56
Uloha 4.2.

(a) Pro matici A z tlohy 4.1. vypoctéte hodnotu souctu
A+ Az + Az + Agr + Agg + Aoy + Az + Asp + Ass.
(b) Pro matici B z tlohy 4.1. vypoé¢téte matici adjungovanou a z ni matici inverzni.

(¢) Pro matici B z tlohy 4.1. vypoctéte eliminaci matici inverzni.

Uloha 4.3. Pocitejte determinanty rozvojem.

1110 010 —1 11100 121 21
0011 101 0 12101 234 12
(a) (b) © 10300 @]/[111-13

0120 110 O
1000 101 2 22041 120 -11
11201 202 41

Uloha 4.4. Vypoctéte inverzni matice metodou eliminaéni a provedte zkousku spravnosti.

0010 000 —1 1111 020 0
0001 001 0 0111 200 0
@) 19100 ® o100 ©) 19011 Digo1 o
1000 100 0 0001 000 —1
Uloha 4.5. Reste maticové rovnice a proved'te zkousky spravnosti.
i 115
12 1 102 123
(a) [38]')(_[1—204] (b) 456]_)(' 21p=0
! 101
- (1)_3 11 5 3 5
() X - @ |01 1] -Xx=|1-2
39 L2 00 —1 8 0
0 —4 L
001 3 3
(e) ;} Xlé”:“i” f) |o11 X[éﬂ: 1 2
111 0 —1
11 12 15 31
(&) |11 'X_L 1]—X (h) X lo1]_[ 12]+3X
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PROBLEMS TO SOLVE

Exercise 4.1. Evaluate the determinant and decide if the matrix is non-singular.
-2 7 11 -2 71
1 -2 5 1 -2 5].
3 0 -1 -1 56

A= , B= , D=

= = O

11
01
10

Exercise 4.2.
(a) For matrix A from 4.1. calculate the value of the sum
A+ Az + Az + Ao + Agp + Aoz + Azt + Az + Ass.
(b) For matrix B from 4.1. calculate its adjoint matrix and then the inverse B~!.

(¢) For matrix B from 4.1. calculate its inverse by means of elimination.

Exercise 4.3. Evaluate the determinants using the Laplace expansion.

1110 010 -1 11100 121 21
0011 101 0 12101 234 12
(a) (b) 10300 (@]/[111-13

0120 110 0
1000 101 2 22041 120 -11
11201 202 41

Exercise 4.4. Using the elimination method, compute the inverse matrix and check your
result.

0010 000 —1 1111 020 0
0001 001 0 0111 200 0
@ 10100 ® o100 © 1011 D1o01 o
1000 100 0 0001 000 —1
Exercise 4.5. Solve matrix equations and check your results.
115
12 1 102 123
@>l3J'X_l1—204] aﬁ[456]X.211]0
101
g é_; 11 5 3 5
@)Xl391_ Ly @ |01 1] -Xx=|1-2
0 4 00 —1 8 0
001 3 3
(e) ;} X H}]:[?j] f) [011] X H?]: 1 2
111 0 —1
11 12 15 31
(&) |14 ‘X_[111:X' (h) X[o1]:[ 121+3X
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Minitest MT4

1.

1 -1 10 11 34
Kolik z nésledujicich matic l4 4 ], [_1 O]’ [4 _4], [4 3] ma matici inverzni

(A)O (B)1 (C©)2 (D)3 (E)4

01 12
Jsou-li K = 11|, L=]01], potom K~ ' - L=
01 11

10
—-11
11

0 1
-1 -1
1 1

1 -1 11
(A) (B) (C)| 0 1] D) | 1o ()
11 ~11

1 0
1 —-11.
-1 1

—1

1 0
Je ddna matice M = { 2 0 |. Vypocitejte soucet Myy + Mg + Mos.
2 1

2
0
(A) —2 (B) —1 (C) 0 (D) 1 (E) 2.

. .11 2 1] |11 . .
Vyfteste rovnici [1 O] - X - l_l 0] = [5 2]. Soucet x1; + x12 je roven

(A)—2 (B)-1 (C)o (D)1 (E)4.

Najdéte vSechny hodnoty parametru p, pro néz matice

N O~
NN =
— s OR3
—_ o3 N

ma matici adjungovanou.

(A) Zédné p (B) vsechna p (C)peR—-{0} (D)pe R—{1,—1}.
(E) Zédné z uvedenych odpovédi neni pravdiva.

0
0
-1

@V @ L el o L] e ]

Jsou dény matice A = [1 01 ], B = . Potom (AB)™! je

1
1
0-10 0

Reste rovnici  det [x 8 1 ?] + det [ _01 v —f 3] = 4. Resen{ je

(A)z=1 B)z=2 (C)z=11 (D)x=12. (E) Neni zddné z uvedenych.

-1 1 1 1
Hodnota determinantu matice K = 3 3 _3 ] je
3 3 3 —4

(A) —240 (B) —120 (C) 120 (D) 240. (E) Neni zddnd z uvedenych.
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Minitest MT4

1.
1 -1 10 11 34
, - o
How many of the matrices [4 4 ], [_1 O]’ [4 _4], [4 3] have their inverse?
(A)O B)1 (C) 2 (D) 3 (E) 4.
2. 101 12
If K=|111|,L=|01|, then K! L=
001 11
10 0 1] 1 -1 11 1 0
(A) |11 B) | -1 -1 ()| 0 1 MDM)| 1 0 (E)| 1 —1].
1 1 I 1 ] -1 1 —11 -1 1
3. 1 -1 0]
Given matrix M = |2 2 0 Calculate the value of the sum M, + My + Mos.
2 0 1
(A) -2 (B) -1 (C) o0 (D) 1 (E) 2.
4.
. 11 2 1 11
Solve the equation ll 0] - X - l_l 0] = [5 9 ] The sum x1; + x12 equals
(A) -2 (B) -1 (©)o (D)1 (E) 4.
- 11p2
. . . 1 200p
Find all the values of parameter p for which the matrix 0240
has its adjoint matrix. 211 1
(A) Novalueof p (B) all valuesof p (C)peR—-{0} (D)peR-{1,—-1}.
(E) None of the answers above is correct.
" 1 0 1 Lo
Given matrices A = ,B=11 0 |. Then (AB) !is
0—-10
0 -1
01 0 —1 0 —1 0 1 11
@[] @S oS e L] e ]
v —-12 0 z+3
Solve the equation det [x 0 1] + det [_1 v 1 ] = 4. The solution is
(A)z=1 (B)z=2 (C)z=11 (D)z=12. (E) None of the above.
8. -1 1 1 1
. . 3 =2 1 1 .
The value of the determinant of matrix K = 5 3 _3 1 is
3 3 3 —4

(A) —240 (B) —120 (C) 120 (D) 240. (E) None of the above.
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TEMA 5. Soustavy linearnich rovnic

aj1xry + a9 +...+ ay, T, :b1
911 + Qoo +...+ a9, T, :bg

Am1 1 + Ap2 T2 + ...+ Qpp T :bm

aj; ai2 ... Qain ajlp] ai2 ... Qain b1
A= , A* =
Aml @m2 -+ Amn Aml @m2 . Qmn | bm
A a A" .. matice soustavy a rozsifena matice soustavy,
m,n ...... pocet rovnic, pocet nezndmych (proménnych),
b... = (b1, ba, ..., bn), vektor pravych stran,
... = (x1, 29, ...,x,), vektor nezndmych,
Resenf ... jakykoliv vektor ¥, ktery spliiuje vSechny rovnice,
h(A) = h(A*¥) Frobeniova podminka; soustava je fesitelnd < F. p. je splnéna,

Regularni soustava  tj. h(A) = h(A*) = n = m; takové soustava ma jediné Feseni.
Poznamky
o Je-li h(A) = h(A*) < n, soustava méa nekoneéné mnoho teSeni.
e Je-li h(A) = h(A*) = n, soustava mé jediné Fesend.
Metody reseni regularni soustavy rovnic

Cramerovo pravidlo. Oznacime A; matici, kterd vznikne, kdyz v A nahradime j-ty
sloupec sloupcem pravych stran. Potom je x; = det(A;)/ det(A).

Gaussova eliminace. Rozsifenou matici soustavy upravime na Gaussuv tvar. Pak
z novych rovnic postupné vypocitavame x,,, x,_1 az x;.

(AB |~ [ 4]
Jordanova eliminace. Rozsifenou matici soustavy upravujeme, az na misté matice A
dostaneme matici E. Pak na misté vektoru pravych stran b7 je pifmo fesen{ 7.

Alb |~~~ BT

Uziti inverzni matice. Reifme matic. rov. 4-#T = bT vyndsobenim obou stran zleva A~L.
At =p1 — AL AT =A"1 0 —FE.-7T=A1.p7 — 7T =A"1.pL.

Homogenni soustava, tj. b= 0

Mnozina vsech feseni je podprostor H ve V,, a dim (H )=k=n—h(A). Po ipravé Gaussovou
eliminaci rozliSime bézické a nebazické proménné. Vhodnou volbou nebazickych
proménnych postupné ziskame vektory h:, cee h; tvorici bazi podprostoru H.

Obecné teseni je h=ci-hi+...+ Ck - ﬁk, kde ¢y, ..., ¢ jsou libovolné konstanty.

Nehomogenni soustava, tj. b #+0

Je tieba ziskat jakékoliv jedno (tzv. ¢astecné) feseni p'= (p1,...,p,) této soustavy (napf.
Gaussovou eliminaci a volbou nebézickych proménych rovnych nule).

Déle je treba vyresit prislusnou homogenni soustavu - najit jeji obecné reseni h.

Pak plati schéma Obecné fes. = castecné res. + homogenm res. coz znamena, ze obecné
feSeni je ©=p+ h= P+ B+ ..+ Ck - hk (c1,...,cx jsou libovolné konstanty).
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TOPIC 5. Systems of Linear Equations

a1 + 12T +...+ ap T, =0b
21 T1 + ATy +...+ AT, = by

Am1 L1 + QmaTo + ...+ Gmn Ty = b

ail] ai2 ... QAin ail] a2 ... Qainp bl
A= ... ... ..., A=
Gml Am2 --- Gmn Gml Am2 --- Gmn| bm
A and A*... the system matrix and the augmented matrix,
My N the number of equations, the number of unknowns (variables),
b... = (b1, b2, ...,by), the right side vector,
... = (x1,%2,...,%,), the variable vector,
Solution ... any vector ¥ satisfying all equations,

h(A) = h(A¥) the Frobenius condition; the system is solvable < the F.c. is satisfied,
Regular system 1. e. h(A) = h(A*) = n = m; such a system has a unique solution.

Notes

o If h(A) = h(A*) < n then the system has infinitely many solutions.
o If h(A) = h(A*) = n then the system has a unique solution.
Methods of solving regular systems of equations

The Cramer rule. Denote by A; the matrix obtained by subtituting the j’s column in
A with the right-side column. Then x; = det(A;)/ det(A).

The Gauss elimination. The augmented matrix is transformed into an echelon form.
Then, from the new system of equations, we gradually get the values of z,,x,_1 to x;.

ADT ~ o~ A T

The Jordan elimination. We transform the augmented matrix until we have the unit
matrix E were A was originally. Then the solution vector £ appears on the place of bT.

AB ]~~~ BT

The use of the inverse matrix. We solve the matrix equation A-7T = bt by multiplying
both its sides by A~! from the left.

Adt=b" — AT A=A — BT =AT 0 — AT = AT

The Homogeneous System, i.e. b =0

The set of all solutions is a subspace H of V,, and dim (H) = k = n—h(A). After the Gauss’
elimination we distinguish the leading and the free variables. Using an appropriate choice
of the values of free variables we get the vectors hq, ..., hy forming a basis of H.

The general solution is h= c - El +... .+ Ek, where ¢y, ..., ¢, are arbitrary constants.

The Inhomogeneous System, i.e. 57& o

We must obtain one (particular) solution p" = (p1,...,p,) of the system (e.g. using
Gauss’ elimination and then choosing the values of all free variables equal to zero).

Then it is necessary to solve the associated homogeneous system - to give its general
solution . We use the scheme General = Partial + Homogeneous which means that the
general solution is 7 = p'+ h = p+c - By + ...+ cp- hy (c1,...,cp arbitrary constants).
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RESENE PRIKLADY 21+ 2 4+ 1y = 1
2.1’1 + 29 + Tr3 = 0

Piiklad 1. Reste regularni soustavu
1 + 39 4+ 223 = 0

3 rovnic o 3 neznamych x, zo, x3
(a) Cramerovym pravidlem, (b) Gaussovou a Jordanovou eliminaci, (c¢) pomoci matice inverzni.
Resend. (a) Cramerovo pravidlo (soustava je skutecné reguldrni, nebot det A = —2 # 0).

121 121 111 121
A=1211], Ar=1(011][, As 2011, As=1210
102 130

132 032

x_detAl_;l_l x_detAg_;.?)_
17 qeta — =2 — 20 27 detA T —2

(b) Gaussova a Gauss-Jordanova eliminace.

121)1 1 2 11 1 2 11 121 1 1+ 2x9+ x3 =1
2110 ~]0-3—-1|-2|~|]0 1 1|-1|~|011/—-1 — To+ x3= —1.
1320 0 1 1|-1 0-3—-1|-2 002/-5 203= —5
Nyni ma matice soustavy Gaussuv tvar. Z posledni rovnice okamzité dostaneme z3 = —g.
Tuto hodnotu dosadime do druhé rovnice a dostaneme x5 — % = —1, takze x5 = % Nakonec
3_5 _ 1

ziskané hodnoty xs, r3 dosadime do prvni rovnice a dostaneme z; +2-5 —35 =1, tj 11 = 5.

Pokracujeme v eliminaci dale a na pravé strané upravené matice ziskame piimo feseni.
12 1] 1 10 -1] 3 10 -1] 3 100
~|l011|-1|~|01 1|-1|~]01 1|/-1|~]|010]
002 -5 00 2|-5 00 1|-3 001|-

W

9 x3

N[O DI DO

(c) Inverzni matici A~! pfipravime piedem pomoci matice adjungované nebo eliminaci.

1

NI N~ N
NI N[ N[
@)

Nt N[ N

A-dT=p" — 7T = A"1.p" =

N|OT N[W N[

Priklad 2. Pro zadanou nehomogenni sous- 1 + 2x9 + 13 — 1y + w5 =
tavu 4 rovnic o 5 nezndmych xi, zs, x3, T4, Ts 21y + 51y + 373 Ty + 215
provérte platnost Frobeniovy podminky a 2xy + S5
najdéte jeji obecné feSeni. Ty + 29 + 13 Ty + 315 =

2
+
w
&
+
[\
&
+ + +
I
NN W

Resend.

~

S O =
O = N

; 1 -1 1]1
1 1 341
1 0 113

N W Ot

1 -1 1)1
1 3 4|1
0 00/0
0 226

— N e
W ot N~
NN W

1
3
2
1
Tedy h(A*) = 3. Zakryjeme posledni sloupecek a mame h(A) = 3. Tedy h(A) = h(A*) = 3 < 5,
Frobeniova podminka je splnéna a soustava ma nekone¢né mnoho feseni. Po tipravé Gaussovou

eliminaci ma tvar vpravo. Bazické proménné jsou x1, x2, 4.
Pro nebazické proménné zvolime z3=0, z5=0 a vypocteme

postupné x4=3, xo= — 8, xr1 = 20. Mame partikularni reseni
P'=(20,-8,0,3,0) nehomogenni soustavy.

r1 + 22 + 23 — xg4 + x5 = 1
To + x3 + 3x4 + 45 =
T4+ x5 = 3

—_

Pro piislusnou homogenni soustavu (vpravo dole) je mnozina vSech feseni podprostor H prostoru
Vs adim(H) =5 — h(A) = 2. Najdeme dva vektory hy = (7,7,1,7,0), ho = (7,7,0,7,1) jeho baze.

Vektor hy: zvolime x3=1, x5=0 — x4=0, xo=—1, x1=1. 21+ 200 + a3 — x4+ x5 =0
Vektor i_igz zvolime x3=0, x5=1 — x4=—1, xo0=—1, £1=0. To + x3 + 3x4 + 45 = 0
Tedy hy =(1,-1,1,0,0), hg=(0,—1,0,—1,1). x4+ x5 =0

Obecné feseni nehomogenni soustavy: & =p+ ¢ ﬁl + CQi_ig, kde c1, co jsou volitelné konstanty.
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EXAMPLES T+ 2w + w3 = 1
2]31 + X9 + X3 = 0

Example 1. Solve the regular system of
{L‘1+3CL’2+2[E3:0

3 equations in 3 unknowns x1, s, r3 using
(a) the Cramer rule, (b) the Gauss and the Jordan elimination, (c) the inverse matrix.

Solution. (a) The Cramer rule (really, the system is regular because det A = —2 # 0).

121 121 111 121
A=1211], Ai=|0111, Ay =12011, A3=1210
132 032 102 130
_detA; _ -1 _ 1 _detAd; _ -3 _ 3 _detAz _ 5 _ _ 5
TI=Ged = 272 T2T QAT 272 BT Qa4 5T o
(b) The Gauss and the Gauss-Jordan elimination.
1211 1 2 1/ 1 1 2 1/ 1 121 1 T1+2x204+ 23 =1
2110 ~]0-3—-1|-2| ~ (0 1 1|-1|~|011-1 — ro+ xz3= —1.
1320 0 1 1|—-1 0—-3—-1|-2 00 2|-5 203= —5
Now,we have an echelon form. From the last equation, we get x3 = —g. We substitute this

value in the second equation and we get xo — g = —1, thus zy = % Finally, we substitute

the values x5, x3 obtained into the first equation and we get x; + 2 - % - g =1,ie z1 = %
We contitue the elimination process to get the solution vector directly.

1
12 1] 1 10 -1] 3 10 -1] 3 100| 3
~l011|-1|~|01 1|-1|~|01 1|-1|~|010[] 3
00 2|5 00 2|5 00 1]-5 00 1|-3
(c) It is necessary to prepare A~! beforehand using the adjoint matrix or elimination.
1 1
2 2 2 1 2
T q 17 3 1 _1 3
A‘%T:bT—>$T:A1'bT: 2 T 9 T3 O — By
-5 1 3 0 _5
2 2 2 2
Example 2. For the inhomogeneous system 1 + 229 + w3 — w4y + w5 = 1
of 4 equations in 5 unknowns xi,xs, x3, T4, Ts5 2z + dxp + 3wz + Ty + 225 3
approve the Frobenius condition and give the r1 + 3wy + 23 + 2x4 + S5 2
general solution. 1 + 29 + w3 + ®y + 35 = 7
Solution. 1121 —11]1 121 -11]|1 121 -11|1 91 1111
253 123 011 341 011 341 011 341
132 25|2 011 341 000 000 000 113
121 13|7 000 226 000 226

Thus, h(A*) = 3. We hide the last column in the result and we have h(A) =3. h(A) = h(A*) =
3 < 5, The Frobenius condition is satisfied and the system has infinitely many solutions. After the
Gauss elimination we have the form on the right. The leading variables are x1, x2, 4.

For the free variables we choose x3=0, z5=0 and we g‘radu— T+ 2% + 23 — T4+ x5 = 1
ally (':alcul_z?te r4=3, xo=—8, 11 = 20. We have a particular To + x5 + 3x4 + 4z = 1
solution p = (20,—8,0,3,0) of the inhomogeneous system. T4+ x5 = 3
For the associated homogeneous system (on the right down), the set of all solutions is subspace H
of V5 and dim(H )=5—h(A)=2. We find two vectors h; = (?,7,1,7,0), ho = (7,7,0,7,1) of its basis.

Vector hi: we choose x3=1, x5=0 — x4=0, zo=—1, x1=1. T1 4+ 209 + a3 — x4+ x5 = 0
Vector i_igz we choose £3=0,x5=1 — x4=—1,29=—1,21=0. To + x3 + 3x4 + 425 = 0
Thus, hi=(1,-1,1,0,0), hy=(0,—-1,0,—1,1). x4+ 5= 0

The general solution of the inhomogeneous system: f:ﬁ+clﬁ1+0252, c1, co are constants.
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ULOHY K RESENI

Uloha 5.1. Pro kazdou ze zadanych soustav rovnic o neznamych x, xs, x3 provéite Frobe-
niovu podminku a urcete pocet feSeni.

|
b

$1—2l’2+21]3_
<a> 3I1—!L‘2+ $3:1 (b) —31‘1+61‘2—2$3:—6
31+ 29+ 623 =3 221 — 9+ 3x3= 3

—2.1'1 +43§'2+ 1'3:—4
ZE1+2I2+ l‘3:1 ZL‘1—21E2+ l‘3:1
(c) Ty — To —2x3= 0 (d) 2z + 2290+ 23=1
2(131 + 4.1'2 + 2.1'3 = 2 3$1 + 2.1'3 =3

Uloha 5.2. Urcete, pro které hodnoty parametru p lze danou soustavu 2 rovnic o 2 neznamych
fesit Cramerovym pravidlem. Pro takové p ji vyreste Cramerovym pravidlem.

(a) 2LL’1+ I2:5 ()pxl— $2:3 () T+ o =D
.T1+pl’2:1 x1—|—2px220 2l‘1+3l‘2:0

Uloha 5.3. Reste pomoci inverzni matice soustavy 3 rovnic o 3 neznamych.

$1+2$2+$3:6 $1+2$2+$3:—6 x1+2x2+a:3:6
(a) 2513’1 + x3 = 1 (b) 21’1 + x3 = 0 (C) 21’1 + x3 = 6
1 + 229 =8 r1 + 229 = 8 r1 + 229 =6

Uloha 5.4. Naésledujici dvé soustavy rovnic o 4 neznamych teste Gaussovou a Gauss-
Jordanovou eliminaci.

T+2y—952+ u= 2 T+y+22+ t=-1

(a) 3v+ y — 4z + 6u= -2 (b) dor +y + 22 = 1
—r+2y— 24+ u= 6 r+y+ z+ t= 0
y+3z—4du= 1 oT + 424+ 2t= 3

Uloha 5.5. Pro homogenni soustavy rovnic o neznamych 1, xo, x3, x4 urcete dimenzi pros-
toru vSech feseni a najdéte néjakou jeho bézi.

T+ X9 — 3x3 + 224 =0 T1+ 29 —3x3+ 24=0
(a) $1+2$2+ T3 — 1’4:0 (b) 2$1+2l’2+ $3+2I4:0
T1 4+ 209 — X3 + 224 = 0 r1+ 29+ 4rs+ 24=0
2l‘1+3l‘2—2$3+ ZL‘4:0 4[E1+4"B2+2l‘3+4l’4:0

Uloha 5.6. Pro nehomogenni soustavy rovnic o neznamych x1, zo, x3, x4, r5 napiste obecné
reseni.

ry + 1'2—21‘3+21E4+ ZE5:1 xr1 + {E2—35E3+2ZE4—I5: 2
(a) @1 4+ 2x9 + 23— x4+ 225=5 (b) 2z + 2x9 — 623 + 4dxy + x5 = —2
Ty + X9 — T3 — SC4—|-2.CE5:2 3x1+3x2—9x3+6x4—3x5: 6
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PROBLEMS TO SOLVE

Exercise 5.1. For each of the given systems of equations in unknowns z1, x9, x3 approve
the Frobenius condition and give the number of solutions.

ZL‘1—2ZE2+2$3: 2

(a) 311 — 20+ w3 =1 (b) —3x1 + 629 — 223 = —6
3rx1 + 9+ 623 =3 221 — X9 +3x3= 3
—2x1 +4x9 + x3=—-4

T+ 229+ x3=1 Ty — 229+ 3= 1
(c) T, — To —2x3= 0 (d) 2z + 220+ a23=1
2561 + 4.1,’2 + 2133 = 2 3371 + 2133 =3

Exercise 5.2. Find out for what values of parameter p the given system of 2 equations in
2 unknowns the Cramer rule can be applied. For such a p use the Cramer rule.

2ZE1—|— ZE2:5 pry — 5132:3 T + To =P
(a) r1 + pro =1 (b) 1 + 2pxre =0 (c) 2x1 + 329 =0

Exercise 5.3. By means of the inverse matrix, solve the systems of 3 equations in 3 un-
knowns.

$1+2$2+$3:6 ZE1+2$2+$3:—6 .T1+2.T2+SL’3:6
(a) 2x; + 23 =1 (b) 2z, +x3= 0 (c) 2z + 23 =06
xr1 + 2ZE2 =38 T + 21’2 = 8 xry + 21’2 =6

Exercise 5.4. Using the Gauss and the Gauss-Jordan elimination solve the following two
systems of equations in 4 unknowns.

T+ 2y —5z24+ u= 2 r+y+2z24 t=-1

(a) 3r + y — 4z + 6u=—2 (b) dor + y + 2z = 1
—r+2y— 2+ u= 6 r+y+ z+ t= 0
y+3z—4du= 1 DT +4z4+2t= 3

Exercise 5.5. For the homogeneous systems of equations in unknowns x1, zo, x3, x4, deter-
mine the dimension of the space of all their solutions and find some of its bases.

1+ X9 — 3x3 + 224 =0 T1+ 2o —3x3+ x4=0
(a) $1+2$2—|— r3 — ZE4:0 (b) 2$1+2$2+ $3+2LL’4:0
ZE1+2[L‘2—I3+21’4:0 T + 1’2+4$3+ ZL’4:0
2[131-’-3[[‘2-21‘3-}- 1'4:0 41’1+4$2+21‘3+4l‘4:0

Exercise 5.6. For the inhomogeneous systems of equations in unknowns x1, xs, 3, T4, Ts,
write the general solution.

Ty + I2—2$3+21’4+ 135:1 T + $2—3I3+2$4—I5: 2
(a) 1 + 229 + w3 — x4+ 225 =15 (b) 2xy + 2x9 — 6x3 + 4wy + x5 = —2
T1+ Ty — X3 — X4+ 205 =2 3r1 + 39 — 923 + 624 — 325 = 6
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Minitest MT5

L Kolik z nasledujicich ¢tyfech soustav o neznamych zq, xo muze byt vyreseno Cramerovym
pravidlem?
201 + 19 =1 201 — 219 = 2 200 — To = 2 200 — 19 =10
6$1+3ZL’2:2 3ZL‘1+3£L‘2:4 6$1—3ZE2:6 6$1+3$2:0
(A)O B)1 (C) 2 (D) 3 (E) 4.
2. Soustavu 3 rovnic o 3 neznamych vpravo budeme fesit T + r3 = 9
pomoci inverzni matice. Tato inverzni matice je rr + r2 + x3 =9
To + X3 = 1
1 0 1 1-1 1 1 0-1 0 1-1
(A) |-1-1-1|, B) |1 1-1],(C)| 1-1 of, (D) |-1 1 0
1 0 1 1 0-1 -1 0 1 1-1 1
3. Urcete, kolik feSeni mé soustava ¢tyr T+ x2 — 3x3 + my =7
rovnic o ¢tyfech neznamych xy, xs, x3, x4 2ry + 290 + a3 — 14 =6
vpravo. 3r1 + x93 — 3x3 + 224 = 5
rT — $2—2I3+3ZE4:4
(A) zddné (B) prave 1 (C) prave 2 (D) pravée 4  (E) nekonecné mnoho.
4. Pomoci Cramerova pravidla vypocitejte Sry + w2 + 923 = 10
neznamou w3 soustavy linedrnich rovnic. 2ry — 29 + w3 = 0
4dxy — 629 + b3 = 2
11 22 2 2
(A) z3 = e (B) z3 = 37 (C) z3 = 3—; (D) z3 = % (E) Neni z4dna z uvedenych.
Je dana soustava linearnich rovnic o neznamych i,z qr; + 4xe = 3
s parametrem . Urcete vSechny hodnoty parametru ¢, pro 2ry + 2quy = 7
néz lze soustavu vytesit Gauss-Jordanovou eliminaci.
(A) zadné ¢ (B) g € {-2,2} (C)ge R—{-2,2} (D) ¢ € R.
(E) Zadna z uvedenych odpovéd{ nenf spravna.
6. Urcete  dimenzi  prostoru  vSech Ty + T2 — 4r3 + w4 + w5 =0
feSeni homogenni soustavy rovnic 2r1 + 219 — w13 — T4 + 225 = 0
o neznamych xq, xo, 3, T4, 5. ry + T2 + 3x3 — 224 + x5 =0
Tr1 — $2—2SL’3—3I4+ SL’5:0
A1 B2 (€3 (D)4 (E)5
£ Soustava 3 rovnic o 3 neznamych vpravo mé nekonecné r1 + 312 — x3 =5
mnoho fteSeni. K popisu jejiho obecného TteSeni dry + mp + w3 = 9
potiebujeme jedno jeji feseni - tzv. FeSeni partikuldrni 3ry — 2x9 + 223 = 4

p. Jako vektor p' muzeme pouzit

(A) (4,4,11)  (B) (4,4,-11)  (C) (6,—4,—11) (D) (=6,4,11).

(E) Zédny z uvedenych vektoru nelze pouzit.
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Minitest MT5

L How many of the given four systems in unknowns x1, z5 can be solved by means of the
Cramer rule?
2ZE1+ Zlfg:l 21‘1—21'2:2 2!171—1‘2:2 21‘1—ZE2:O
6x1 + 3zo = 2 3x1 + 319 =4 6x;1 — 319 = 6 6x1 + 30 =0
(A)O B) 1 (C) 2 (D) 3 (E) 4.
2. We will solve the system of 3 equations in 3 unknowns on the 1 + 23 =9
right by means of the inverse matrix. The inverse matrix is T+ x2 + x3 =9
T + T3 = 1
10 1 1-1 1 1 0-1 0 1-1
(A) |-1-1-1|, B) |1 1-1|,(C)| 1-1 of, D) |-1 1 0
1 0 1 1 0-1 ~1 0 1 1-1 1

- Determine the number of solutions of the Ty + 12 — 3x3 + wy =T
system in four unknowns xq, 9, T3, T4 On 2ry + 229 + x3 — T4 =6
the right. 3r1 + 9 — 3x3 + 224 = 5

Ty — X9 — 223 + 3x4 = 4
(A) none (B) exactly 1 (C) exactly 2 (D) exactly 4 (E) infinitely many.

4. By means of the Cramer rule compute 51 + w9 + 9x3 = 10
the value of x5 from the system of equa- 2ry — 229 + 23 = 0
tions. 4r; — 619 + G623 = 2

11 22 27 32
(A) z3 = 37 (B) z3 = 37 (C) z3 = 37 (D) z3 = 37 (E) None of the above.

- Given a system of linear equations in unknowns x, o involv- qry + 4xy = 3
ing parameter ¢. Find all the values of parameter ¢ for which 2ry + 2qr9 = 7
the system can be solved by means of the Gauss-Jordan elimi-
nation.

(A) no value of ¢ (B) g € {-2,2} (C)ge R—-{-2,2} (D) ¢ € R.
(E) None of the answers above is correct.

6. Determine the dimension of the space Ty + X2 —4x3 + 14+ w5 =0
of all solutions of the homogeneous sys- 20y + 229 — x3 — w4 + 225 = 0
tem in unknowns x1, s, r3, T4, Ts. r1 + way + 3r3 — 224 + w5 =0

Ty — X9 — 223 — 3x4 + x5 = 0
(A) 1 (B) 2 (C) 3 (D) 4 (E) 5.

£ The system of 3 equations in 3 unknowns on the right r1 + 3x2 — 23 =5
has infinitely many solutions. You need a particular so- dry + @y + 13 =9
lution p'to describe the general solution. As vector p, we 311 — 2wy + 223 = 4
can use

(E) None of the above can be used.
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TEMA 6. Relace, zobrazeni, funkce

Pro koneénou mnozinu X znacime | X | pocet jejich prvku. Prédzdnd mnozina () ma 0 prvku.
r: X — Y  relace s def. oborem D(r) = X a oborem hodnot Y; takovych relaci je
21XIYT g pocet takovych k-Sipkovych relaci je (lX‘];:lyl); proPCX, QCY
jsou r(P) obraz a r~1(Q) vzor pii r; A, je matice sousednosti relace r,
rlpg .- zapis restrikce relace na P C X, Q CY; z A, se vyskrtnou nékteré
fadky a sloupce; pocet takovych moznych restrikef je 21XI+¥1
r, Sor zapis inverzni relace a relace slozené; prii inverzi se A, transponuje;

. [ p . o 1y L , b ,
Sor je zapsano v obrdaceném poradi, booleovské ndsobeni A, - A; neni,

f:D— H zobrazeni; D # () a kazdy prvek z € D m4 jediny obraz f(x) € H;

pocet je |H|'P!: jsou-li D, H C R mluvime o funkci,
injekce je zobrazen{ takové, Ze pro kazdé y € H je |~ (y)| < 1;

pocet je % pokud | X| < |Y[, jinak 0 (pro bijekce =|Y'|! nebo 0),
surjekce je zobrazeni, pro néz f(D) = H; naopak pro konstantu |f(D)| =1,
bijekce injekce A surjekce; f je bijekce, pravé kdyz f i f~! jsou zobrazeni,
y= f(z) ... zadani funkce; f(z) je funkéni hodnota v lib. bodé = def. oboru; také

piseme y = y(x); x ...nezavisle proménnd, y ...zdvisle proménna,

graf funkce vdechny body roviny tvaru [z, f(z)], pro x € D(f),

y = |z| funkce ”absolutni hodnota”; |z|=x pro x >0, ...= — z pro z < 0,
= sign(z) funkece ”signum”; sign(0)=0, sign(z) =1 prox >0, ... = —1 pro = < 0,
y = chy(z)  charakteristickd funkce mnoz. M, chy(x)=1 pro zeM, ...=0 pro x¢M,

y=-e" ... exponencidlni funkce (e = 2.71... zaklad pfirozenych logaritmi),

D =R, H=(0,+00); e°=1; funkce roste na D;
proz < 0jee” € (0,1) aproz >0jee® € (1,4+00),
y=1Inx ... ptirozeny logaritmus; D = (0, +00), H = R; In1 = 0; roste na D,
proz € (0,1) jelnz € (—00,0) aproz >1jelnz € (0,+00).
Poznamky
e Inverzni funkce ke goniometrickym funkcim sin, cos,tg, cotg se oznacuji symboly
arcsin, arccos, arctg, arccotg a nazyvaji se funkce cyklometrické.
e y=c® ay=Inx jsou navzdjem inverzni funkce, tj. "% =z, In(e®) =z, a ddle:
et = ot o @0 b = oo /eb: (¢7) = e In(a-b) = In(a)+In(b); In(a/b) = In(a)— In(b);

In(a®) = b - In(a); definice obecné mocniny: A? = P4 pro A > 0.

Sestaveni predpisu pro inverzni a slozenou funkci

Inverzni funkce y = f~1(z): je-li f: D — H bijekce, pak f~!: H — D je funkce, pro
niz plati: f~1(b) = a, pravé kdyz f(a) = b. Pi sestavovani predpisu pro f~! postupujeme
tak, ze ve funkénim predpisu y = f(x) zaménime symboly z a y, tj. dostaneme = = f(y),
a pak z této rovnice vyjadiime y pomoci z.

Slozen4 funkce y = ¢(f(x)): je-li @ € D(f) a je-li b = f(a) € D(g), pak definujeme
g(f(a)) = g(b); f se nazyva vnitini a g vnéjsi funkce. Pti sestaveni predpisu pro slozenou
funkci postupujeme tak, ze zavedeme pomocné znaceni, napt. w = f(z),y = g(w); nyni
ve funkénim predpisu g(w) nahradime vsechny symboly w predpisem pro f(z).
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TOPIC 6. Relations, Mappings, Functions

For a finite set X, we denote | X| the number of its elements; for the empty set || = 0.

r: X — Y arelation with domain D(r) = X and range Y; 2/XI'Y1 possible relations; the
number of k-arrow relations is (lX‘ijl); for P C X, Q CY we call r(P) the
image, and 7~1(Q) the preimage in r; A, is the adjacency matrix of r,

rlpg ... the restriction of ron P C X, Q C Y; from A, some rows and some
columns are deleted; the number of such restrictions is 2/%1+Y1,

r~, Sor the inverse and the composed relation; for inversion, A, is transposed;
we write sor in the reverse order, but not the boolean multiplication A, ’ A,

f:D— H amapping; D # () and every element x€D has just one image f(z)eH
|H|IP! of possible functions; if D, H C R we talk about a function,

injection a mapping such that for every y € H there is | f~!(y)| < 1; the number

of injections is - if | X| < Y], or O (for bijections =|Y|! or 0),

(=g
surjection a mapping for which f(D) = H; on the contrary, for a constant |f(D)| =1
bijection injection A surjection; f is a bijection iff both f, f~! are mappings,
y = f(z) ... functional notation; f(z) is the value of function at point € D(f); also

we write y = y(x); =,y ...independent and dependent variable,
the graph all points [z, f(x)] in the plane for x € D(f),

y = |z the ”absolute value” function; |z|=x for > 0, ...= — x for z <0,

y =sign(xz)  the "signum” function; sign(0)=0, sign(z) =1 for z >0, ... = —1 for x < 0,
y = chy(z)  the characteristic function of set M; chys(z)=1 for zeM, ...=0 for x¢M,
y=-e"... the exponential function (e = 2.71... the base of natural logarithms),

D =R, H=(0,+00); €= 1; the function is increasing on D:;
for x < 0 there is ¢* € (0,1) and for z > 0 there is e* € (1, +00),
y=1Inz ... the natural logarithm; D = (0, +00), H=R; In 1=0; increasing on D;
Inz € (—00,0) for z € (0,1), and Inx € (0,400) for z > 1.
Notes

e Inverse functions to trigonometric functions sin, cos, tg or tan,and cotan denoted by

arcsin or sin~!, arccos or cos™! etc. are called circular or inverse trigonometric functions.

e the functions y = ¢ and y = Inx are inverse to each other, i.e. e =z, In(e®) = x;

et = e o @@ b = oo /eb: () = ¥ In(a-b) = In(a)+In(b); In(a/b) = In(a)— In(b);
In(a®) = b - In(a); the definition of the general power: A® = B4 pro A > 0.

Getting the formulas for inverse and composite functions

The inverse function y = f~!(z): if f: D — H is a bijection then f~' : H — D
is a function satisfying f~1(b) = a iff f(a) = b. To get the formula for f~! we first swap
the symbols z and y in the formula of y = f(z), i. e. we will have x = f(y), and then we
express y in terms of x.

The composite function (compositum) y = g(f(x)): ifa € D(f) andif b = f(a) € D(g)
then we define g(f(a)) = g(b); f is called the inner and g is called the outer function. To
get the formula, we can first introduce a helper notation like w = f(z),y = g(w); now,
in the formula of g(w), all the symbols of w are replaced with the formula of f(x).
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RESENE PRIKLADY
Piiklad 1. Déany mnoziny X = {1,2,3},Y = {a,3,7,0}. A, = [

110
000
Vpravo je matice sousednosti A, relace r: X — Y. 010

o = O

|

(a) Kolik sipek je v relaci r~1o r?

(b) Relace r~':Y — X ma4 4 Sipky, ale nenf to zobrazeni. Pro¢?
(c) Kolik 4-sipkovych relaci z Y do X nejsou zobrazeni?
(

d) Z restrikei 7| x ¢56y, Tl{2.31y, Tlqs)8 vyberte injekce, surjekce, konstanty.

Resen.
b 11007, } 8 (1) 101 '
(a) Booleovské nds.: A1 - A, = o001 || . |l=|010][. Vysledek: 5 sipek.
0100 010 101

(b) Prvek 5 ma 2 obrazy, prvek v zddny obraz.

(c) Vsech sipek je 4 -3 = 12. Tedy 4-sipkovych relaci z Y do X je (142) = 495. Vsech
zobrazeni z Y do X je 3* = 81. Rozdil, tj. 495 — 81 = 314, je pocet "ne-zobrazeni”.
1o 0001 1
(d) Arix (o0 = [(1) é] o Arlgayy = {o 10 0]’ Arlgiay oy = [1] '

Matice sousednosti ukazuji, ze prvni je surjekce, druha injekce, tfeti konstanta a surjekce.

Priklad 2. Dany 2 funkce fry=a*>-3z+1, g:y=2+In(l—2z).
Sestavte predpis pro inverzn{ funkci ¢!, slozenou funkci h(z) = g(f(z)) a urcete D(h).
Reseni.

(a) V predpisu pro funkci g zaménime pismenka a méme = = 2+ In(1 —y).  Déle:
n(l—-y)=2-2 — el V=2 o Jgy=e2 = gliy=1-e"2

(b) Zavedeme pomocnou proménnou w a mame w = f(z) = x?—3x+1 pro vnitini funkei
ay = g(w) = 2+1In(1—w) pro vngjsi funkci. Pro slozenou funkei je potom g(f(z)) = g(w) =
=2+In(l— (22 —32+1)) =2+ 1In(3z — 2?). Vysledek: h(z) = 2 + In(3z — 2?).
Def. obor funkce h(z): Logaritmovat mohu pouze kladnd &fsla, tj. 3z — 22 > 0. Dospéli
jsme ke kvadratické nerovnici; jeji feseni (0,3) = D(h).

Piiklad 3. Déna funkce y = sign(2 —x) + 2 - chp g)(z).
(a) Urcete hodnotu vyrazu y(0) + y(1). (b) Nacrtnéte graf zadané funkce.

Resen.
(a) y(0)+y(1) =sign(2—0)+2-ch 3(0)+sign(2—1)+2-chy (1) =14+2-0+1+2-1=4.
(b) Pfi kresleni je tfeba vénovat zvldstni pozornost
bodum z = 1,2,3, kde y(1) = 3,y(2) = 2,y(3) = —1.
V intervalech omezenych témito body staci vzdy 1 hod-
nota. Vysledny nacrt je napravo.

=0
L

——

Piiklad 4. Pro uréitou komoditu se odhaduje, ze po investici = tisic EUR do reklamy
bude proddno N = 50 — 40e~%! tisic jednotek. Udejte x jako funkci N. Kolik by se mélo
investovat do reklamy, abychom dosahli prodeje 35000 jednotek? [HoBr, pg. 319]

Reseni. Potifebujeme vzorec inverzni funkce. Nebudeme zaménovat pismenka, ale vyjadiime z jako

funkei N: N = 50 — 40e~1% — N =50 = —40 - e 010 — SN — o=0dz _ jn (H7V) —

In(e™%1¥) = —-01r - z=-10-In (N4_050) (to je pozadovany vzorec).

Nyni uzijeme vzorec pro N = 35; dostavame x = —10 - In (50%35) = 9.808 tisic EUR.
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EXAMPLES

Example 1. Given sets X ={1,2,3},Y = {«,3,7,d}. On the A, = l
right, there is the adjacency matrix A, of relation r: X — Y.

— O
o O O

1
0
0

oS = O
_

(a) How many arrows are there in relation r~lo r?
(b) Relation r~!:Y — X has 4 arrows but it is not a mapping. Why?
(c) How many 4-arrow relations from Y to X are not mappings?

(d) From restrictions r|x 185, Tl{2.3),v, 7l{1,3},{3} choose injections, surjections, constants.

Solution.
. b 11007, i 8 (1] 101
(a) The Boolean multipl.: A,-1 - A,= [0 00 1 |- cool=l010]. The result: 5 arrows.
0100 010 101

(b) Element (§ has 2 images, element v has no image.

(¢) The number of all arrows is 4 -3 = 12. Thus, the number of 4-arrow relations from Y to X
is (142) = 495. The number of all mappings from Y to X is 3* = 81. The difference 495 — 81 = 314
gives the number relations which are not mappings.

10
0001 1
(d) ATIX,{B,S} - (1) é ’ AT‘{2.3}vY - [0 10 0:| Arl{l’g}"{ﬂ} B |:1:| .

The adjacency matrices show that the first is a surjection, the second is an injection, the third is
a constant and a surjection.

Example 2. Given 2 functions fry=a%-3z+1, g:y=2+In(l—x).

Give the formula for the inverse ¢~*, composition h(z) = g(f(z)) and determine D(h).

Solution.
(a) In the function g formula, we swap the letters and we have x = 2 4+ In(1 — y) —.
n(l—-y)=2-2 — en(l-y) — go=2 l—y=e"2 = gliy=1-—¢e"2
(b) We introduce a helper variable w and we have w = f(z) = 22 — 3z + 1 for the inner
function and y = g(w) = 2+ In(1 — w) for the outer function. Then, for the composed function
g(f(z)) = g(w) =2+ In(1 — (22 = 3z + 1)) = 2+ In(3z — 2?) = h(z).
The domain of h(z): We can take logarithm only of positive numbers, i.e. 3z — 22 > 0. We
obtained a quadratic inequality; its solution (0,3) = D(h).
Example 3. Given function y = sign(2 —x) + 2 chy g (x).
(a) Calculate the value of the expression y(0) + y(1). (b) Sketch the graph.
Solution.
(a) y(0)+y(1) = sign(2 —0)+2-chy 5 (0) +sign(2 — 1) +2-chyy (1) = 1+2-04+142-1 =4,
(b) When sketching we pay a special attention to points
x =1,2,3, where y(1) = 3,y(2) = 2,y(3) = —1. Inside each
interval bounded by these points it is enough to calculate N

one value of y. The sketch is on the right.

Example 4. It is estimated that if x thousand EUR are spent on advertising, approximately
N = 50 — 40e7%1* thousand units of a certain commodity will be sold. Give x as function
of N. How much should be spent on advertising to generate sales of 35000 units?

[HoBr, pg. 319]

Solution. We need the inverse function formula. We will not swap the letters but we express x as

a function of N: N =50 —40e % — N — 50 = —40-e¢ 01 — % =e 017 4 n (504_0N) =
In(e7%®) = 01z - z=-10-In (N4_050) (it is the required formula).

Now, we use the formula with N = 35; we get x = —10 - In (50&35) = 9.808 thousand EUR.
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ULOHY K RESENI

Uloha 6.1. Dény X = {1,2,3,4}, Y = {«a, B} a tiirelace r: X —Y]
10
. : _ |11 _ 1001 _Jo1
s: Y — X, t:Y—Y where A, = || 0 A=[]]7] A=]{q]
01
(a) Najdéte matice sousednosti néasledujicich relaci (pokud tyto relace existuji).
T oS, Sor, 7"2, T o 7"_1, r~toro 7"_1, 7“{173},{ﬁ}, t47 Sotor, sTlotorlor

(b) Kolik z restrikei nize jsou zobrazeni, injekce, surjekce, bijekce ¢i konstanty?
sorlasasan Tloesiien  Tlosgesy Tlisagges 5 s e slas) e

(c) Kolik procent vsech relaci z X do Y tvori zobrazeni, injekce, konstanty?

(d) Kolik procent vsech 2-sipkovych relaci z Y do X tvoii zobrazeni, injekce?

Uloha 6.2. Najdéte definiéni obory zadanych funkei.

1 T+ 2
() v="7 (b) y=y""]

(d) y:erl (e) y=+va?—Tr+12 (f) y=In(1—2)+v2x+4

Inz

(¢) y =+ +2+In(2?)

Uloha 6.3. Pro kazdou z danych funkci napiste predpis pro funkci inverzni.
T+ 2
(a) y=2z (b) y=e* () y=— (d) y=vz+2

() y=220—4 (f) y=e*" (g) y=va2—-4  (h) y=2+In(z—1)

Uloha 6.4. Déany funkce f: y=2—x, g: y=+vVxr+1, h: y=e™.
Napiste ptedpisy pro slozené funkce

(@) y=flg(x)= () y=g(f(x)= (c) y=h(fx)= () y=g(f " (z) =
() y=f(f(x))= (f) y=9g=)= (2 ¥

Uloha 6.5. Nacrtnéte grafy téchto funkef
(a) y =sign(x +1) (b) y =1+ chgg)(z) (c) y=2chg)(z)+ ch_a2)(2)
(d) y =z + sign(x) (e) y=x-chpa(x) (f) y =sign(—x) + ch_22)(2)
(2) y = (sign(x))* (h) y = chyipa(z) (i) y = chpy(z) — chpzy(—2)

Uloha 6.6. [Swo, str. 275] Firma zakoupila nové auto za 800 tisic Ké. Jeho hodnota H
(v tis. Ké) bude klesat podle funkce H(t) = 800 - e %12* kde ¢ je ¢as v letech uplynuly od
porizeni vozu.

(a) Jakou hodnotu bude mit viiz za jeden a pul roku a kdy bude mit hodnotu 500 tisic K&?
(b) Odvod'te vzorec pro inverzni funkci a vysvétlete, co vyjadiuje.

Uloha 6.7. [BaZi, str. 363] ... Let byl zpozdén a jeden z rodicu rozsitil mezi prateli falesnou
zpravu, ze letadlo ma vazné potize. Ti to pak tekli dalsim atd.
400
Modelova funkce N(t) = 113990 0% popisuje §ifeni zpravy v ¢ase; hodnota N (t) udava,
o 0.

kolik ze 400 lidi ¢ekajicich na letisti védélo falesnou zpravu ¢ minut od pocatku jejiho siteni.

(a) Kolik c¢ekajicich védélo zpravu po 10 minutdch a kdy se dostane zprdava k poloviné
cekajicich?

(b) Odvod'te vzorec pro inverzn{ funkci k funkci N(t) a vysvétlete, co vyjadiuje.
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PROBLEMS TO SOLVE
Exercise 6.1. Given X ={1,2,3,4}, Y = {«, 5} and three relations r: X — Y,

10
s:Y—X, t:Y-—Y whereA = |}/ ’As:[}?gé]’At:[?H'
01

(a) Find the adjacency matrices of the following relations (provided the relations exist).
ros, sor, 1 ror ' rlerer™ rlusyqs, th sotor, slotorlor

(b) How many of the restrictions are mappings, injections, surjections, bijections, or constants?
sorlusapesay  Tlaasier Tlasess  Tlsaies, ST esades)  Slasies

(c) What percent of all relations from X to Y are mappings, injections, constants?

(d) What percent of all 2-arrow relations from Y to X are mappings, injections?

Exercise 6.2. Find the domains of the given functions.

@ = 0=y (€) y=Va+2+In(?)
(d) y:$+1 (e) y=vVa?2—-Tr+12 (f) y=In(l—z)++v2zx+4

Inz

Exercise 6.3. For each of the given functions write the inverse function formula.

(a) y=2 (b) y=e ©y="0 (@) y=vir?
(e) y=2x—4 (f) y=e** (g) y=+vVa2—-4 (h) y = 2+4In(z—1)

Exercise 6.4. Given functions f: y =2 —x, g: y=vr+1, h: y=e™.
Write the formulas for the composite functions
(@) y=flg(z) = (b) y=g(f(x))= () y=n(f(x))= (d) y=g(/"(2)) =
() y=/f(f(x)= (f) y=gg(@) = (8) y="h(g(x))
Exercise 6.5. Sketch the graphs of the functions
(a) y=sign(x +1) (b) y =1+ chpg)(x) (c) y = 2chz2)(r) + ch(_22) ()
(d) y =z +sign(x) (e) y=x-chypg(z) (f) y = sign(—z) + ch_99)(2)
(8) y= (sign(a:))z (h) y = chpyoq(z) (i) y = chgy(z) — chy g (—2)

I
G
<

I
—
—~
2
=

8
~—
=

I

Exercise 6.6. [Swo, pg. 275] A company purchased a new car for 800 thousand K¢. The
car’s resale value H (in thousad K¢) will decrease according the function H(t) = 800 - e~ %1%
where t is time in years.
(a) What will the resale value be after 1% year and when the value will be 500 thousand?
(b) Derive the inverse function formula and interpret it.

Exercise 6.7. [BaZi, pg. 363] ... The flight was delayed and a particular parent related a

rumor, that the plane got into troubles, to some friends, who in turn passed it on to others,

400
and so on. The model function N(t) = 17 3990 04 describes how the rumor was spread
)

in time; the value of N(t) gives how many of 400 people waiting at the airport have heard
the rumor ¢ minutes after the beginning.

(a) How many people have heard the rumor after 10 minutes and when the rumor reached
one half of the people waiting at the airport?

(b) Derive the inverse function to N(t) formula and interpret it.
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Minitest MT6

1.

Déna relace r, jejiz matice sousednosti je vpravo.  Pro relaci
s =ror~! oznacime a pocet jejich Sipek a b pocet jejich restrikei. A, = [
Potom soucet a + b je roven

(A)20 (B)23 (C)68 (D) 71. (E) Je jiny nez uvedeno.

1
1

y

1
0

Relace u, v jsou zaddny maticemi sousednosti A, = 001 , A, = 01
s 100 11
vpravo. Je pravda, ze

(A) (u je injekce) A (v™! je surjekce) (B) (u je injekce) A (v™! nenf surjekce)
(C) (u nenf injekce) A (v™! je surjekce) (D) (uneni injekce) A (v~! nenf surjekce)

(E) Zéadny z nabidnutych vyroki nenf pravdivy.

Mnozina X mé 5 prvku a mnozina Y mé 2 prvky. Kolik % ze vsech zobrazeni z Y do X
nejsou injekce?

(A) 0%  (B)20%  (C)50%  (D)80%  (E) 100%.

7
In(1 — 22)
(A0 (B)(-1,1) (C)(-1,1) (D) (—o0,—1)U(1,4+00). (E) Jiny.

Urcete defini¢ni obor funkce y =

Sestavte predpis pro inverzni funkci k funkci y =1+ In(1 — z).

(A) y=1+e""  (B) y=1-¢"" (C) y=1+e" (D) y=1-¢""

Je-li f(x) = sign(x — 1) + chz e (Va2 — 1) pak hodnota f(—2) je rovna

(A)O (B)-1 (C)1 (D)2  (E) Jiné éislo.

Jsou dény funkce f(z) =1—2z, g(z) =2 —z + 1.
Ptedpis pro slozenou funkci y = g(f(x)) lze upravit na tvar

(A)y=—-2r*+2z-1 (B) y=—22%—2*> -3z -1 (C)y=42* -2z +1
(D) y = —42% + 62 + 1. (E) Nelze na zadny z uvedenych.

Obrazek vpravo by mohl znazornovat graf funkce
—_—

(A) y=sign(z — 1) + chy yo)() (B) y =sign(z —1) —chy 1o)(z) — [
(C) y =sign(l —z) +chy 1o0y(z) (D) y =sign(l — z) — chyy o0 (2).

[BaZi, str. 286] Pfi narodnim turné jedné rockové skupiny je poptévka po jejich trickdch
dédna vzorcem p = 15 —4lnz (1 < x < 40), kde z je pocet tricek (v tisicich), kterd
mohou byt prodana v dobé jednoho koncertu za cenu p dolaru. Pak

15—p p—15

(A) x =—e"1 B)z=—e1

(C)z=ei"  (D)az=e7.

10.

[HoBr, str. 278] Na zakladé urcitych predpokladu predpovida jedna firma, Ze pocet jejich
zaméstnanci za ¢ let bude N = 500e 35 " (nazyvany Gompertziv model rastu).
Kolik zaméstnancu bude mit za 5 let? (Zaokrouhlete na nejblizsi desitku.)

(A)480  (B)490  (C)500 (D) 510.  (E) Jing pocet.
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Minitest MT6

1.

Given relation r with the adjacency matrix on the right.  For relation
s =ror~! let a be the number of its arrows and b the number of its A, = l
restrictions.  Then the sum a + b is equal to

(A)20 (B)23 (C)68 (D) 71. (E) None of the above.

—_ =

1
0

y

Relations u, v are given by their adjacency matri- A, = l(l) 8 (1)1 , A, = l(l) 11
ces on the right. It is true that

(A) (u is an injection)A(v~! is a surjection)  (B) (u is an injection)A(v~!

is not a surjection)
(C) (u is not an inj.)A(v~! is a surjection) (D) (u is not an inj.)A(v~! is not a surjection.)

(E) None of the propositions above is true.

Set X has 5 elements and set Y has 2 elements. What % of all mappings from Y to X
are not injections?

(A) 0%  (B)20%  (C)50%  (D)80%  (E) 100%.

7
In(1—22?)
(A0 (B)(-1,1) (C)(-1,1) (D) (—o0,—1)U(1,400). (E) None of the above.

Determine the domain of function y =

Give the inverse function formula for the function y =1+ In(1 — z).

(A) y=1+e""  (B) y=1-e"" (C) y=1+e"" (D) y=1-e""

If f(x) = sign(z — 1) 4 chz e (V2?2 — 1) then the value of f(—2) is equal to

(A)O (B) -1 (€)1 (D) 2. (E) None of the above.

Given functions f(z) =1— 2z, g(z) =2* —z + 1.
The formula of composed function y = g(f(x)) can be transformed to the form

(A) y=—22"+22—1 (B) y=—22% — 22— 32 — 1 (C) y=42% — 2z +1
(D) y = —42? + 62 + 1. (E) None of the above.

The sketch on the right can show the graph of function
(A) y =sign(z—1) + ch(i 4o0) () (B)y=sign(z—1)— ch(i 4o0) (z) o
(C) y =sign(l — ) +chpy o)(z) (D) y =sign(l —z) — chq 400) (@)

[BaZi, pg. 286] In a national tour of a rock band, the demand of T-shirts is given by
p=15—4lnz (1 <x <40) where z is the number of T-shirts (in thousand) that can
be sold during a single concert at a price of $p. Then

15—p p—15 15—p

(A) x=—e"1 (B) z=—e1 (C)zx=e1

—15

(D) z =¢"7 .

10.

Based on various projections, a company predicts that the number of employees it will
have in t years will be N = 500e 35" (called the Gompertz Growth Model).
How many will be employed in 5 years? (Round to the nearest ten.) [HoBr, pg. 278]

(A) 480 (B) 490 (C) 500 (D) 510. (E) None of the above.
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TEMA 7. Posloupnosti a rady

{a,}22, ... nebo jednoduse {a,} je posloupnost, a, jeji n-ty ¢len, n jeho index,

lim a, = L  limita posloupnosti {a,}, kdyz n se blizi k nekone¢nu, je rovna L;
pro L € R tikame, ze posloupnost konverguje; pro L = oo fikdme,
ze posloupnost diverguje k +00; jinak posloupnost diverguje,

Sp = 2 Ay = a1 +as+...+a, se nazyva n-ty ¢dstecny soucet posloupnosti {a,},

o0
> an = ay+as+...+a,+. .. se nazyva nekonecna rada; pokud existuje limita
=1 posloupnosti ¢astecnych souctu s, = lim s, = S € R, fekneme, ze
n—oo
rada ) a, konverguje a jeji soucet je S; jinak fada > a, diverguje.
Plati-li v posloupnosti {ay}52; pro kazdé n € N vztah

(1) an < any1, je posloupnost rostouct, (2) an > an+1, je posloupnost klesajici,
(3) an < apy1, je posloupnost neklesagici, (4) an, > any1, je posloupnost nerostouct.
Jestlize existuje M € R tak, ze pro kazdé n plati a,, < M, nazyvame {a,} shora omezenou.
Jestlize existuje m € R tak, ze pro kazdé n plati a,, > m, nazyvame {a,} zdola omezenou.

Posloupnost majici jak horni mez, tak dolni mez se nazyva omezend.

Aritmeticka posloupnost - rekurentni vztah: a,.1 =a, +d, d je diference,

a, =a;+ (n—1)-d, nebo a, = a, + (n—m)-d; sn:‘“J“T“”-n:n-al%—d-%.

Geometrickd posloupnost - rekurentni vztah: a,,1 = a, -r, r je kvocient (téz ozn. q),

n—1 n—m.

— n__
p, =0ay - T nebo a, = a,, - """ s, = AU — —_—

r—1 =a1r

S0 = 72 pro |r| < 1.

Dulezité limity a rady; formalni "kalkul” s ¢isly (r € R) a symboly oo

lim n = +o0, 1im%:0; T}Lrglor”:0pro|r|<1 a=+ocopror>1; lim Yn=1,

lim YA=1pro A>0;  lim (1+1) =e= Sh=ltftgtgtotat

El i%:1+1%+2%+3%,+ ... konverguje pro p > 1; harmonicka 7. El %:%+%+%+ ... = +o0,

r+00=0+7r=00;, r—00=—00+7r=—00; +0O0+00=++00; —00—00=—00;

(£00) - (Foo) = —o0; (£00) - (£00) = +oc; V400 = In(+00) = log(+00) = +00.
400 pro r>0, 1 A 1 Fo pokud jsou vSechny cleny kladné

" (:i:OO) T Foo I;YO r<0’ foo T 0; 0~ —oo pokud jsou viechny &leny zaporné.

Neurcité vyrazy - jejich hodnotu nelze obecné urcit

loo—ooll, [0~ (o), 5] [ Il nERl foEel, ).

Limitn{ kritéria konvergence - pro fady s nezdpornymi ¢leny

n

Srovnavaci kritérium: Necht Y a, a Y b, jsou takové fady, ze nhnolo »=L>0, LeR.

Potom obé fady jsou bud'to konvergentni nebo jsou obé divergentni.

Podilové a odmocninové kritérium: Uréime lim % =L nebo lim ./a, = L. Potom

n—oo n n—o0o

(1) L <1 =Y a, je konvergentni, (2) L > 1= Y a, je divergentni.
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TOPIC 7. Sequences and Series

{a,}, ... orsimply {a,} is a sequence, a,, its nth term, n the index of the term,

lim a, = L  the limit of {a,} as n approaches infinity equals L;

n—oo

for L € R the sequence is said to be convergent; for L = +oo the
sequence is said to be divergent to +oo; otherwise {a,} is divergent,

Sp = . Gy = ay+as+...+ay, is called the nth partial sum of the sequence {a,},
i=1

> an =a;+ay+...+a,+...is called an infinite series; if there exists the

=1 limit of the partial sums sequence s, = lim s, =S € R, we say that

n—00

the series Y a,, converges and its sum is S; otherwise > a,, is divergent.

If in sequence {a,}52; for every n € N there is

(1) ap, < any1, then the sequence is increasing, (2) an > an+1, then the seq. is decreasing,

(3) an < apy1, then the seq. is nondecreasing,  (4) an > an+1, then the seq. is nonincreasing.
If there exists M € R such that for every n there is a,, < M, we call {a,} bounded from upward.
If there exists m € R such that for every n there is a,, > m, we call {a,,} bounded from downward.
A sequence having both an upper bound and a lower bound is called bounded.

Arithmetic sequence - recurrence relation: a,.1 = a, + d, d is the difference

n(n—1)

an =01+ (n—1)-d, or a,=an+n—m)-d; s,=2" - n=n-a +d "5,

Geometric sequence - recurrence relation: a,.; = a, -r, 7 is the common ratio,

_ _ _ n__
Ap = a1 - 7" 1 or a, = ay, TV s, = T il

r—1 =day-

S0c = 72 for |r| < 1.

Important limits and series; formal ”calculus” on numbers (r € R) and symbols of co

lim n = +oo, lim%:0; lim v =0for|r| <1 and = +ocforr >1; lim Yn=1,

lim VA=1for A>0;  lim (1+1) =e=>Ll=1+L+i+d+.  +L4+..

n—oo n—oo i—0 v : ! : !

El +=1+4 44+ ... converges for p > 1; harmonic s.: gl 1=yl ly = 4o,

rT+00=00+r=00; Tr—00=—00+7T=—00; +00+00=400; —00—00= —00;

(£00) - (Foo) = —o0; (£00) - (£00) = +o0; Voo = In(+00) = log(+00) = +oo.
oo for >0, 1 . 1t if all the terms are positive

- (:EOO) " Foo for r<0’ +oo 07 0~ —oo if all the terms are negative

Indeterminate forms - the value cannot be determined in general
loo—ooll, fo-(zoo)l, & 2 =l mEE poE=l ool

Limit convergence tests - for positive-term series

Comparison test: Let Y a, and > b, be such series that lim

an
n—oo bn

~L>0, LER.

Then either both the series converge or both diverge.

Ratio and root test: We find lim “*** = [ or lim ,/a, = L. Then

n—oo n n—oo

(1) L < 1= Y a, is convergent, (2) L > 1= Y a, is divergent.
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RESENE PRIKLADY

Priklad 1. Urcete hodnotu a4 v nasledujicich pripadech.
(a) a, = (=1)"-(n+1)? (b) a; =3, apy1 = 2a, —1
(¢) a1 =5,a2 =0, api2 =api1+2a,+n (d) as =10, apqpy = %= — 2.

Reseni. (a) ag = (—1)*-52=25, (b) ag=2-3—-1=5;a3=2-5-1=9;a4=2-9—1=17.
() ag=0+2-5+1=11; ay=11+2-0+2=13, (d) ag=% —2— a5 =5-ag+ 10 = 60;
as = 4 —2 — a4 = 4as + 8 = 248.

Piiklad 2. [Rub, str. 488] Horkovzdusny balén vystoupd za prvni minutu po startu do
vyse 60 stop. V kazdé dalsi minuteé pak vystoupd vzdy 80% vzddlenosti z minuty predchozi.
(a) Kolik vystoupa balén béhem Sesté minuty po startu?
(b) Jak vysoko bude 10 minut po startu?
(¢) Za jak dlouho vystoupé do vyse 280 stop?
(d) Jaka bude kone¢na vyska balénu?

Reseni. Mame geometrickou posloupnost vzdalenosti {a,} s a; = 60,7 = 0.8. (a) ag = a; -r° =

= 60-0.8% =19.66 ft. (b) s10 = 60- 03 =1 = 267.8 ft. (c) s, > 285 — 60 %=1 > 985 —

— 0.8" > 0.05 — n > 100 = 13 43 Je potieba vice nez 13 min.  (d) soo = 60 10 = 300 ft.

Piiklad 3. Najdéte limity (pro n,p,q,u € N)

@l (VB[4 2)]), 0) @270 (© Jim (st )

u—oo \H =3  1+u

Reseni.  (a) Jim ({L/g—i—ln [(1 + %)RD =1+Infe]=1+1=2.
(b) pli_)rgo(p3 — 20 +7q) = [Joc® —2- 00+ 7q|| = [Jloo — 00+ Tq|| ... STOP, neuréity vyraz.

Jesté jednou: hm (p —2p? 4+ 7q) = hm {—‘ (p® —2p% + 7q)} = plingo [p?’ . %] =

= lim [p*- (1= 24+ )] = [oo®- (1= 2+ %) = lloo- (1 =0+ 0)]| = floc - 1| = o0
(c) ulggo (% + L‘L—g) = H— + Lg” ... STOP, neurécity vyraz. Jesté jednou:
. u 1 T Qu.3u (1_u);u T (2)u 7—]. o 0 ;—l _
Jim (2 o+ 15) = dim (250 + ) = Jim (—1 tia) Tzt I
_ 0 01 _
01T or1 = 1
o o0 n
Priiklad 4. Zjistéte, zda tada Z Gy = Z on je konvergentni nebo divergentni uzitim
n=1 n=1

limitnich kritérii:  (a) podilového, ~ (b) odmocninového,  (c) srovnavaciho s b, = ()",

Res
n+1

a o n+1 1
(a ) lim L = Jim 2270 = lim i — < 1. Rada je konvergentn.
n—oo  q, n—oo o n—oo 2n 2
) . n . Wn 1 < . ,
(b) nh_)ngo Yay, = nh_)ngo o = nango 5 =5 < 1. Rada je konvergentni.
a o o
(¢) b, je konvergentni geometricka fada s 7 = 1. A nynf lim = = lim -2+, = lim T =
n—0o0 f, n—oo (1 n—00 o

2

= lim n = +o00. Nemuzeme rozhodnout, zda > a, je konvergentni nebo divergentni.
n—oo
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EXAMPLES

Example 1. In the following cases, determine the value of ay.
(a) a,=(=1)"-(n+1)? (b) a1 =3, apy1 = 2a, —1

(C) ap = 5,(12 - O, Qp42 = Ap41 + 2an +n (d> ag = 10’ Unt+1 = % -2

Solution. (a) ay = (—-1)*-52=25 (b) ag=2-3—-1=5a3=2-5—-1=9a4=2-9—-1=1T7.
() a3=0+2-5+1=11; a4 =11+2-0+2=13, (d) ag =% —2 — a5 =>5"as + 10 = 60;
a5:‘ﬁ1—4—2—>a4:4a5+8:248.

Example 2. [Rub, pg. 488] A hot air balloon rises 60 ft in the first minute after launching.
In each succeeding minute, it rises 80% as far as in the previous minute.
(a) How far does it rise during the sixth minute after launching?
(b) How far will it have risen after ten minutes?
(c) How long will it take to reach the altitude of 280 feet?
(d) What will be the final altitude of the balloon?
5 _

Solution. We have a geometric sequence of distances {a, } with a; = 60,r =0.8. (a) ag = a1 -r° =

= 60-0.8% =19.66 ft. (b) s10 = 60- 2371 = 267.8 ft. (c) s, > 285 — 60 %=1 > 285 —

— 0.8">0.05 —n > 1&%985 = 13.43. More than 13 min. necessary. (d) se = 60 - ﬁ = 300 ft.

Example 3. Find the limits (for n,p, ¢, u € N)

@ Jim (V[ 2)]), 0 motmt) @ Jim (525 1)

Solution.  (a) Jim ({L/§+ln [(1 + %)nD =1+1Infe]=1+1=2.

(b) plirgo(pg —2p? +7q) = ||oc® — 200+ 7q|| = |joo — o0+ 7q|| ... STOP, indeterminate form.

3 p3—2z)32+7q} _

. : 3 _ 9,2 1 P’ 39,2 — T _
Once more: plggo(p 2p° 4+ 7q) —plggo [ps (p° —2p +7q)] plgrolo {p .

= Jim [ 0= f 0] = oot (1 - £+ 38)

| =floo- (1=0+0)] = oo 1] = oc.

p—00
(c) uhﬂrgo (% + %;—Z) = H% + %H ... STOP, indeterminate form. Once more:
. 2u 1—u) _ 1 24:34 (I—w)uY _ ()" 21y __ | o =1 _
Jim (2 4 15) = Jim (2 + ) = Jm <;§’—1 tig) = |zt 5| =
_ 0 0-1 _
=051 to =L
o0 oo n
Example 4. Investigate if series Z Gp = Z on is convergent or divergent using limit tests:
n=1 n=1
(a) the ratio test, (b) the root test, (c) the comparison test with b, = (%)n
Solution. "
o 1 1
(a) lim Il _ iy 2 J L — Jim 2 o < 1. The series is convergent.
n—oo  a, n—oo o n—oo  2n 2
. N N AU ¢ .
(b) Jim {/a, = Tim on = Jim =5< 1. The series is convergent.
a n n
(¢c) > by is a convergent geometric series with r = % Now, lim — = lim - = lim QTn =

= lim n = 4o00. We cannot decide if ) a,, is convergent or divergent.
n—oo
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ULOHY K RESENI

Uloha 7.1. Najdéte prvnich pét ¢lenu posloupnosti dané vzorcem pro n-ty clen.

@ m=Cr e O =gy @ @=1o(2 (@) b= st
. n).
Uloha 7.2. Najdéte paty clen posloupnosti popsané rekurentnim vztahem.

(a) CL1:2, an+1:2-an—2 (b) blz—l, bn+1:nbn+1

(C) cC1 = 1,02 = 2, Cn+2 = Cpt1 + ¢, (d) dl = 1,d2 = —1, dn+2 = 3+dn+1 dn

Uloha 7.3. Dany dvé posloupnosti {a,} a {b,} takové, ze a3 =2, b = -3,
Uni1 = Gp + by, bpyr =n + a2 — 2b, (pro kazdé n € N). Najdéte hodnoty ay a by.

Uloha 7.4. Déno Cni1 = 2c, —n + 2, pron € N, a c; = 8. Najdéte c3.
Uloha 7.5. Vyhodnotte limity
(a) lim (3 V2 - %) (b) nh_)nolo(n2 —2n° +4) (c) lim log ( /m + 0.9’”)

14+ 3™ 2 4v — 3¢ 2—
+ + n > (f) lim + v
243" n244 U —4v - 24./u

1 n
(d) lim (1+) () lim (
n—oo n n—oo U—00

Uloha 7.6. Necht p a ¢ jsou prirozend &isla. Najdéte limity

(a) lim (p —q) (b) lim p (c) ]924—7(_1—1

. pPP+qg—1
llm s ———
P =g o p 429+ 3

(d) lim
g—=oop+2q+ 3

() lm(p—gq) (f) lim > (& lm [(2)"=(8)]  ® 1m[(2)" - (2)]

q—00 g— q p—0o0 q—00

Uloha 7.7. Uzijte limitni podilové kritérium.

(a) 3 2t D) Gl @ & (@ (e) 3> 12,
n=1 n=1 (n+2) n=1 n=1 n=1
Uloha 7.8. Uzijte limitni odmocninové kritérium.
0 S& I @I @E @5

’ o0 o0
Uloha 7.9. Uzijte limitni srovnavaci kritérium a fadu > b, na fadu ) a,.
n=1 n=1

n
(@) b=k an=gosmr ) b=(3) =55 (©) bu=1, an=557

Uloha 7.10. [Swo, str. 463] Stabilni populace o velikosti 35000 ptdki Zije na tfech ostrovech.
Kazdym rokem 10% populace z ostrova A migruje na ostrov B, 20% populace z ostrova B migruje
na ostrov C a 5% populace z ostrova C migruje na ostrov A. Necht A,,, B,, a C, oznacuji pocty
ptakt v roce n na ostrovech A B a C pfed tim, nez dojde k migraci.
(a) Ukazte, ze Ap41 = 0.94,, +0.05C,,, B,y1 =0.8B,+0.14,, and Cp,11 = 0.95C,, + 0.2B,,.
(b) Jestlize v roce 2000 méla populace na ostrové A velikost 8000 a populace na ostrové B
velikost 17 000 urcete ocekdvanou velikost populace na ostrové B v roce 2002.

Uloha 7.11. Na téet s tirokovou sazbou 12% p.a. uroceny mésicné se ukladd prvni den kazdého
mesice ¢astka 50 $ po dobu péti let. Urcete stav ti¢tu A na konci téchto péti let, je-li

A=50(1+%2) +50 (1+ %)2 +50 (1+ %)3 +... 450 (1+ %)m. [LaHo, str. 447]
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PROBLEMS TO SOLVE

Exercise 7.1. Find the first five terms of the sequence given by its n-th term formula.
(a) a,=(—-1)"4+n (b) b, = ﬁ (c) cp=1—(=2)" (d) d, = cos(m -

Exercise 7.2. Find the fifth term of the sequence described by a recuﬁ%nce relation.

(a) a1:2, an+1:2~an—2 (b) blz—]_, bn+1:nbn—i—1
(C) C1 = 1,02 = 2, Cnt+2 = Cpy1 + ¢, (d) dl = 1, dz = —1, dn+2 = 3+dn+1 . dn
Exercise 7.3. Given two sequences {a,} and {b,} such that ay =2, b = -3,

Upi1 = Qp + by, bpyy =n+a? — 2b, (for every n € N). Find the values of a4 and b,.
Exercise 7.4. Given c¢,;1 = 2¢, —n+ 2 for every n € N, and c¢; = 8. Find c¢;.

Exercise 7.5. Evaluate the limits.

(a) lim_ (3 V2 - T\n/g) (b) Jirgo(nz —2n° +4) (c) lim log ( /m + 0.9"")

) 1\" ) 143" n+2 ) 4v— 3% 2—\/u
d) 1 1+ — 1 f) 1
(@ Jim, ( +n) (©) nLH&O(2+3n+nz+4> ® uLIE‘o<2U—4u+2+\/a>

Exercise 7.6. Let p and g be natural numbers. Find the limits
2 2

. D P tg-1 P -1

(&) fim(p—g) (b) Jim~ () Jim 5 73 (d) == T3

() lim(p—g) (f) lim?” @ 1m [ =) m dm [(2) = ()]

Exercise 7.7. Use the limit ratio test.

X n+1 s 3 > (1.6)™ > 2 > 1.2
b i — d —. —
@WrTy Oipem WX Wi U4y
Exercise 7.8. Use the limit root test.
> n? > (0.6)" > 1.2 >* 2 > (1.6)"
— b — d —.
wEr  oEf eEY efi oS

o0 [e.°]
Exercise 7.9. Apply the limit comparison test and series Y. b, to the series > a,.
n=1 n=1

n
() bo= =gty () ba=(3) s =55 () =12, an= 57

Exercise 7.10. [Swo, pg. 463] A stable population of 35,000 birds lives on three islands. Each
year, 10% of the population on island A migrates to island B, 20% of the population on island B
migrates to island C, and 5% of the population on island C migrates to island A. Let A,, B,, and
C,, denote the number of birds in year n on islands A,B, and C respectively, before the migration
takes place.

(a) Show that A,+1 = 0.94, + 0.05C,,, Bpy1 = 0.8B, +0.14,, and Cp,11 = 0.95C,, + 0.285,,.

(b) If in year 2000 the population on island A was 8,000 and the population on island B was
17,000, determine the number of birds expected on island B in year 2002.

Exercise 7.11. A deposit of $50 is made on the first day of each month for five years in an
account that pays 12%, compounded monthly. Determine the balance A at the end of five years, if

A =50 (1+%2) +50 (1+%)2+5o (1+%)3+...+50 (1+ %)120. [LaHo, pg. 447]

49



Minitest MT7

V posloupnosti {a,} plati pro n > 1 vztah a,19 = apy1 + 2ay,. Je-li a; = 2,a2 = —2, pak a5 =
(A) -4 (B) —2 (C) 2 (D) 4. (E) Jiny vysledek.

Pti uziti pavuéinového modelu na studium rovnovahy trhu vztahujeme posloupnost
cen pq,po,Ps,... vybraného produktu pro jednotlivd obdobi k hodnotam nabidky
S1,92,83,... a poptavky Dy, Do, Ds, . ... Predpokladejme, ze v jednoduchém linedrnim
modelu je D, = 46 — 0.4p,, (poptavkovd rovnice) a S,+1 = 0.2p, + 40 (nabidka vzdy
reaguje na cenu v predchozim obdobi). Podminka pro rovnovahu je D, 1 = S,11, coz da
Pne1 = 15— 0.5p,. Jaka je hodnota rozdilu S5 — Dy, je-li p; =7 K¢?

(A) —1.8 (B) —0.9 (C) 0 (D) 0.9 (E) 1.8.

Firma si opatii stroj za 135000 USD a odpisuje z néj 30% rocné. (Jinymi slovy, zustatkova
hodnota stroje na konci kazdého roku je rovna 70 procentum z jeho hodnoty na zacatku
roku. Najdéte zustatkovou hodnotu stroje po jeho uzivéni plnych pét let. (Svij vysledek
zaokrouhlete na celé stovky dolaru.) [LaHo, str. 447]

(A) 22600 USD  (B) 22700 USD  (C) 22800 USD (D) 22900. USD

Mala firma prodala za prvni mésic zbozi za 8 150 EUR. Majitel si stanovil tikol po celé
obdobi nésledujicich 9 mésicu pravidelné zvysovat mésiéni prodej vzdy o 199 EUR. Pokud
se mu to podafi, kolik celkem utrzi za téchto nasledujicich 9 mésicu?

(A) 80514 EUR  (B) 81210 EUR  (C) 82305 EUR (D) 83614 EUR.

5.
. . n2—4n+1 2n+1
Urcete lim
3+n—n? 1+n

n—oo

) (A)O (B)-1 (C)1 (D)+oo (E)—oc.

) . . s vz . a — b
Necht a a b jsou pfirozena ¢isla. Potom  lim vb

a=00 g 4 /b
(A)O B) 1 (C) -1 (D) —cc. (E) Jind hodnota.

je rovna

7.
oo 2 n
Najdéte vSechny hodnoty x, pro néz je geometricka rada Z () konvergentni.
x

n=1

(A)zeld B)ze(-2,2) (C)z>2 D)ze(—o0,-2)Uze(2,40) (E)zeR.

Pomucka: je zndmo, ze lim {/n =1, lim c =1 pro kazdé ¢ > 0.
n—oo n—oo
< nd > 1.2
Ozna¢me symbolem A fadu a symbolem B tadu —
Y n; 06 n; n
Uzijte na A limitni podilové kritérium a na B limitni odmocninové kritérium [piipadné
uzijte pomucku vyse|. Vysledky uziti kritérii jsou: (E) zadné z tvrzeni nize neodpovida,

(A) A je konvergentni A B je konvergentni (B) A je konvergentni A B je divergentni
(C) A je divergentni A B je konvergentni (D) A je divergentni A B is divergentni.

Vesmirna sonda vysle 660 megabytu elektronické informace za prvni rok své cesty.
7 duvodu poklesu zasoby energie a s rostouci vzdalenosti bude klesat objem pfenesenych
dat rocné o 12%. Urcete (v megabytech) jaké mnozstvi informace vysle sonda za celou
dobu svého pusobeni, tj. za dobu "nekone¢nou”. [Rub, str. 740]

(A) 750 MB  (B) 1550 MB  (C) 5500 MB (D) 7500 MB.  (E) Jiny vysledek.
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Minitest MT7

1.

In sequence {ay,}, for n > 1 the relation a,42 = an41 + 2ay, holds. If a1 = 2, a3 = —2, then as=
(A) —4 (B) -2 (C) 2 (D) 4. (E) None of the above.

2. In the study of market equilibrium, the cobweb model relates the price sequence
P1,P2,P3,--. of a chosen product in the individual time periods to supply values
S1, 59,53, ... and demand values Dy, Do, D3, .... Suppose that in a simple linear model
D,, = 46 —0.4p,, (the demand equation) and S,, 11 = 40+ 0.2p,, (the supply always reflects
the price in the previous time period). The equilibrium condition is D,,.; = S,4+1, which
yields p,+1 = 15 — 0.5p,. What is the value of the difference S3 — Dy if p=7 Kc?

(A) —1.8 (B) —0.9 (C) 0 (D) 0.9 (E) 1.8.

3 A company buys a machine for $135,000 and it depreciates at the rate of 30% per year.
(In other words, at the end of each year its depreciated value is 70% of what it was at the
beginning of the year.) Find the depreciated value of the machine after it has been used
five full years. (Round your result to the nearest hundred dollars.) [LaHo, pg. 447]

(A) $22,600 (B) $22,700 (C) $22,800 (D) $22,900.

4. A small business sells 8150 EUR worth of products during its first month. The owner
has set a goal of increasing monthly sales by 199 EUR each month for next 9 months.
Assuming that this goal is met, find the total sales during the period of these 9 months.
(A) 80514 EUR (B) 81210 EUR (C) 82305 EUR (D) 83614 EUR.

- n?—4n+1 2n+1
Determine nan;O ( i + T ) (A)O B)-1 (C)1 (D) +occ (E) —oc.

6.

_a—Vb
Let a and b be natural numbers. Then lim ——— is equal to
M VR
(A)O (B) 1 (C) -1 (D) —oc. (E) None of the above.

7. 00 n

Find all the values of x such that the geometric series > (%) is convergent.

n=1

(Ayzeld (B)ze(-2,2) (C)z>2 D)ze(—0,-2)Uze(2,+x) (E)zeR
8. Hint: it is known that lim ¢/n =1, lim {/c =1 for any ¢ > 0.

Denote with symbol A the series ioj % and with B the series § 1—712

n=1 """ n=1

Apply the Limit Ratio Test to A and the Limit Root Test to B [together with the hint

above, if necessary]. The results of the tests are: (E) none of the below,

(A) A is convergent A B is convergent (B) A is convergent A B is divergent

(C) A is divergent A B is convergent (D) A is divergent A B is divergent.
9.

A certain space probe can transmit 660 megabytes of electronic information during the
first year of its mission. Due to decrease in energy sources and increasing distance, the
transmission drops by 12% every year. Determine (in megabytes) what amount of infor-
mation this probe will have transmitted if it operates ”forever”. [Rub, pg. 740]

(A) 750 MB  (B) 1550 MB  (C) 5500 MB (D) 7500 MB  (E) none of the above.
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VYSLEDKY - RESULTS

TEMA - TOPIC T1-2
1.1. pravdivy - true, nepravdivy - false, nepravdivy - false, nepravdivy - false.

2. (a) v/254,1/396,/72,1/4452, (b) i, Z rovnobézné - parallel, @, @ ortogon. - orthogonal.
1.3. (a) (0.5,0,—2), (b) (2,2,—6), (c) (—=3,-2.5,5), (d) (1,0,—4). 1.4. (a) r = =+
(b) r = %, (¢) z&dné Fesenf - no solution, (d) r € (—oo,—2) U (2,400), (e) r = =2, (f)
r=6,12 =2 1.5.(a) a=280.39°, 3 = 57.13%, v = 42.47°, (b) a = 150.02°, 8 = 57.13",
v = 69.37° § = 83.48°, (c) 91.15° nebo doplitkovy tihel do 180° - or the supplementary
angle. 1.6. (a) 4 x 2, (b) 3x 2, (c)4x3,(d) 3x3,(e) 3x2,(f) nelze - impossible.

L7 (@[22 0) (33 @ [F3] @ (23 @ [5-3) 0 [35) @ 3]
() [ ) [4n].

F 7] l]
TEMA - TOPIC T3

10 413 104032 4 -
e ] [l iR )
4200 3850

3.1.(a)no, (b)no, (c)yes, (d)no, (e)yes, (f)yes. 3.2.r.1: pivot, r.2: subtracted
2-multiple of r.1, r.3: added r.1, r.4: subtracted 7-multiple of r.1. 3.3. (a) lin. zav. -
dep., 1, (b) lin. zav. - dep., 2, (c) lin. nez.- indep., 3, (d) lin. nez. - indep., 3.
3.4.1,2,3,2,2,2. 3.5. 3,2,3,3, nedef. - not defined, 2,3,2. 3.6. (a) pouze - only s,
(b) oba - both, (c) zadny z nich - none of them, (d) zddny z nich - none of them.

3.7. (a) 2, kazd4a baze - any basis of V5, (b) 2, napt. - e. g. (1,2,3),(0,—1, —2), (c) 4, kazda
béze - any basis of Vy, (d) 3, napt. - e. g. S, (e) 3, napt. prvni 3 v. - e.g. the first 3 vectors.
3.8. (a) 3/2,13/2, (b) —291/8,53/8, (c) 4,—2,7, (d) B neni bazi - is not a basis.
3.9. (a) 0, 13, (b) —10,0, (c) 19/26,31/26, (d) B neni bazi - is not a basis.

TEMA - TOPIC T4
4.1. 2,96, 174, 0 (pouze posledni je singularni - only the last one is singular).

4.2. ()3, (b) adj(B) = llg _31?3], (c), B-! = adj(B)/96.

18 —12 —24

0001 0001 1-1 0 0
43. ()1, ()2, (c)4, (d)78. 4.4. (a) {gg;g], (b) { gg;g], (c) [g T,
0100 1000 00 0 1]
01/20 0 10
12 00 0 3 60 4 4/5 6/5 —11/5 3 -1
(d) { /0 01 0]' 4.5. (a) [—1 —5/2 0 —1]7 (b) [7?5 18?5 —23?5}’ () [1 0l
0 00 —1 4 —4/3 ]
34 7 1 2
A oal, (0121 (1) |2 s, 1)) [ 32 A
@ 5l @[l ol il @l o[ ]
TEMA - TOPIC T5
5.1. (a) splnéna - satified, nekon. mnoho. - infinitely many;  (b) splnéna - satified, 1
(c) splnéna - satified, nekon. mnoho. - infinitely many;  (d) nesplnéna - not satified, 0.
5.2. (a)xlzgg—j, xgzzg%l,p%%, (b)%:gpﬁ%; xgzﬁ,peR,

(¢)xy=3p, 1y =—2p, peR.  5.3. (a)3/2,13/4,—2, (b) 7,1/2,—14, (c) 3,3/2,0.
5.4. (a) —148/81,160/81,7/81,25/81, (b) 1,—1,—1,1.

5.5. (a) dim=1,k;, = (11/2,—3,3/2,1), (b) dim=2,h; = (—1,0,0,1), hy = (—1,1,0,0).
5.6. (a) (2,1,1,0,0) 4 ¢1(10,—6,3,1,0) + c2(—5,2,—1,0, 1),

(b) (0,0,0,0,—2) + ¢1(—1,1,0,0,0) + (3,0, 1,0,0) + ca(~2, 0,0, 1, 0).
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TEMA - TOPIC T6

1001 1100
11 1101 s 11 1111 0 10 1101

6.1. (a){ll}, Loo1 | meex. - doesn’t exist, [11], {1111], {0} [01}, 1110l
1100 1001

neex. - doesn’t exist, (b) zobrazeni - mappings: 4, injekce - injections: 1, surjekce - surjec-
tions: 2, konstanty - constants: 2, (c) 6.25%, 0%, 0.78125%, (d) = 57.14%, = 42.86.

6.2. (a) (0,400), (b)(—o0,—4)U{=2,400), (c)(=2,0)U(0,4+00), (d) (0,1)U(1,+o0),
(e) (_OO7S> U <47 +OO>7 (f) <_27 1)? 6.3. (a) Yy = %7 (b) Yy = lnTxv <C> Yy = 4x:x27
dy=2>-2, (y=2+2, (fy= 1“7””+2, (g)y=+Va2+4, (h)y=1+e"2
6.4. ()y=2—Vr+l, O)y=v3-=z (y=e"? (dy=V3-1 ()y=u,
() VWVe+T+1, (gy=eV, (h)y=2-Ver+1

A (@) g (b) O_i-o (c) y(d)
® ‘ L g ﬂ

8 =

6.5. —>

@ 70 (@ pm), N0
| [ o RERAERT:

— |
. . In & " e
6.6. (a) =668216 K¢, =3.9, (b)t= ﬁ, funkce pocitéa ¢as odpovidajici hodnoté auta

H - the function calculates the time related to the value of the car H.
6.7. (a) =48, =15min., (b)t=—7;-In 4389_yy , funkce dava cas t odpovidajici poctu lidi
N, kteri védi zpravu - the function gives the time t related to the number of people having

heard the rumor.

TEMA - TOPIC T7
7.1. () 02255 (b)1,1,1/2,1/6,1/24 (c)3,-3,9,—15,33  (d) —1,1,—1,1,—1.

7.2. (a)2, (b)17, (¢)8, (d)5  7.3. ay=-9by =141,  T.4.c3=3.
7.5. (a) 2, (b) —oo, (c)0, (d)+ve, (e)1, (f) -2 .

7.6. (a) +oo  (b) 400, (c) 400, (d)1/2, () =00, (£)0, (g) —(3)", (h) oo,
7.7

(
. (a) konv. - conv., (b) konv. - conv., (c)div., (d)konv.-conv., (e)nerozhodnuto
- not decided. 7.8. (a) konv. - conv., (b) konv. - conv., (c) nerozhodnuto - not
decided, (d) konv. - conv., (e) div.

7.9. (a) konv. - converges, (b) konv. - converges, (c) div. - diverges. 7.10. 12290.
7.11. $11,616.95.

Minitest MT1-2: 1D, 2C, 3B, 4C, 5E, 6A, 7C, 8E, 9D.
Minitest MT3: 1C, 2D, 3B, 4D, 5B, 6B, 7D, 8D, 9E.
Minitest MT4: 1D, 2B, 3D, 4D, 5B, 6C, 7A, 8A.
Minitest MT5: 1C, 2D, 3B, 4D, 5B, 6B, 7C.

Minitest MT6: 1D, 2B, 3B, 4E, 5B, 6A, 7C, 8C, 9C, 10A.

Minitest MT7: 1C, 2D, 3B, 4A, 5C, 6D, 7D, 8E, 9C.

93



ODKAZY - REFERENCES

[BaZi]

[Bud]

[HoBr]

[LaHo]

[NYLe]

[Rub]

[Swo]

Barnett, R. A., Ziegler, M. R. Applied Calculus for Business and Economics,
Life Sciences, and Social Sciences. San Francisco: Dellen Publ. Co., 1990.

Budnick, F. S. Applied Mathematics for Business, Economics, and Social Sci-
ences. New York: Mc Graw - Hill, Inc., 1993.

Hoffman, L. D., Bradley, G. L. Calculus for Business, FEconomics, and Social
Sciences. New York: Mc Graw - Hill, Inc., 1992.

Larson, R. E., Hostetler, R. P. Precalculus. Toronto: D. C. Heath and Co. 1985.

Nydl, V., Lexovd, R. Matematika (Cdst 1 - Matematické struktury). skriptum
JU, Ceské Budéjovice, 1996.

Rubenstein, R. N. et al. Functions, Statistics, and Trigonometry. Glenview:
Scott, Foresman and Co., 1992.

Swokowski, E. W. Calculus with Analytic Geometry. 4th ed., Boston: PWS -
Kent Publ. Comp., 1992.

o4



Nazev: MATEMATIKA I - MATHEMATICS I, CVICENI — SEMINAR
Matematické struktury — Mathematical structures
Bilingvni text — bilingual text

Autor: doc. RNDr. Vaclav Nydl, CSc.
PhDr. Marek Sulista
Vivian White-Baravalle, M. A.

Vydavatel:  Jiho&eska univerzita v Ceskych Budé&jovicich
Ekonomicka fakulta

Tisk: Jiho&eska univerzita v Ceskych Budé&jovicich
Ekonomicka fakulta, edi¢ni stiedisko

Vydani: 2. opravené vydani, 2007
Pocet stran: 54
Naklad: 200 vytisku

AA: 3,38

Tato publikace neprosla jazykovou upravou v redakci nakladatelstvi.
Za vécnou a jazykovou spravnost dila odpovidaji autofri.

ISBN 978-80-7040-983-1

ISBN 978-80-7040-983-1

977880707409831



	titulky_MATHEMATICS I
	MATHEMATICS I.



