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TEMA 8.A Derivace

T ... nezévisle promeénna
Y. funkce proménné w, tj. y = y() (zdvisle promennd)
y == [f(z)= f—% o prvui derivace funkee y=/(z) podle z
. 1 . . .
y'(a)= ["(a)= %(a) e hodnota derivace funkee y = [(x)

v bodé a det. oboru funkee f

stationarni bod funkee /... bod a del. oboru funkce [ takovy. ze [/(a) = 0

Poznamky
e Derivace ['(a) je hodnota tg «v, kde a je thel mezi teciou grafu funkee y=f () v bode
la, f(a)] a osou ”2” (tzv. sklon teény).

o Muzeme uzivat i jinveh symbolu nez y a 2. Priklady: f/(1). (({T;‘
o Kdy7z f(a) existuje, pak [ je spojitd v bodé a, a 1111(11 fla) = fla);

kdyz f'(x) existuje pro kazdé = € (a,b), pak f je spojitd na intervalu (a.b).
o [ bud otevi. interval a f(x)=g(x) pro kazdé acl. Pak ['(x)=¢ (') pro kazd¢ z€l.
o Je-liy = f(t). kde t je ¢as. pak ' = f'(1) je funkce vyjadinjici okamzitou rychlost
procesu. Tedy f'(a) je okamzita rychlost zmény 1y pii ¢ = a.

e Margindlni analyza v ekonomice. Jsou-li C'(z) celkové ndklady na produkd 2 jed-
notek a R(x) je celkovy piijem ziskany z prodeje @ jednotek, pak hodnota C”(a) (mar-
gindlnf néklady) odhaduje naklady na produkei a+1-uf jednotky a R'(a) (margingdluf
piijein) odhaduje piijem ziskany z prodeje a+1-ni jednotky.

Techniky derivovani

(kY =0 pro kandc¢ k € R, (Derivace k-ndsobku) [h- ()] =k - ['(x)
(Derivace sou¢tu/rozdilu) [[(x) + g(2)] = ['(x) + ¢'(x)

(Derivace soucinit) [f(z) - g(x)] = ["(«) glz) + f(x) - ¢'(x):

[f(x) glx) h(a)) = J'(x) - glw) - h(e) + [(2) ¢'(x) - hlx) + fla)-gx) W (x)

/’(:1’)}/ Fl) - gle) = [() - g'(e)
9(x) [g(x)]?
(Derivace sloz. funkef) [f(g{x))] = f'(g(x))-¢'(x) i f}%:::%%' kde y=f(u), u=g(x);
Ulg(h(@)) = f'{g(h(x))) - g'(h(x)) - B ()

(Derivace podilu) { . pokud g(x) £ 0

Zakladni vzorce

() =1, (Derivace mocniny) (1") =r-2""" (r # 0), (") =¢" (Ina) = ~
1 1
~ Y i RV oV
(511’1 ;[j)/ — Cos T, ((,Ob .L) = —Ssinx, (tg lr) - (",OSQ 21.7 ((’()tg 1) - Sinz T ?
1 ~1 1 1

(arccotg )=

PR )-,7/: =g
(arctg x) 0

. o ) —
(arcsinz) =-- (arccos ) = T2

Vi—g?’




TOPIC 8.A Derivatives

T independent variable
Y. function of variable x, i.c. y = y() (dependent variable)
y = 3—3 = ["(z) = % ... the first derivative of function y=f(x) with respect to z
y'(a) = f'(a) = %L(a) ... the value of the derivative of the function y = f(x)
at point a of the domain of function f
stationary point of /... point a of the domain of [ such that f'(a) =0
Notes

e The derivative ['(a) is the value of tan o where o is the angle between the tangent to
the graph of y=f(x) at point [a, f(a)] and the ”2"-axis (so called slope of the tangent).
e Some other symbols than y and 2 can be used. Examples:  f'(1). %
o If f/(a) exists then [ is continuous at point a, and lim f(x) = f(a):
T

il f'(x) exists for cvery @ € (a,b) then [ is continuous on the interval (a. b).
e On an open interval /, if f(x)=g(x) flor every x€/ then f'(z)=¢'(x) for every x&/ .
o 1fy = J(1), where ¢ is time, then ' = /() is a function expressing the instantaneous
speed of the process. Thus f'(a) is the instantaneous rate of change of y at t = a.
e Marginal Analysis in Economics. If C'(z) is the total cost of producing 2 units and
[t(x) is the total revenue derived from the sale of 2- units, then C”(a) (the marginal cost)
approximates the cost of producing the a+1 st unit, and £'(a) (the marginal revenue)
aproximates the revenue derived from the sale of the a+1 st unit.

Techniques of Differentiation
(kY =0 for any k € R, (The Constant Multiple Rule) [k [(2)] =k - ['(x)
(The Sum/Difference Rule) [f(x) £+ g(a)] = f'(x) + ¢'(x)

(The Product Rules) [f(z)-g(z)] = [/(x) - g(a) + f(x) - ¢'(2):
() 90w) - h@)} = F/() - glw) - hlw) + 1) () - hw) + fx) - gl) - W)

'<;17>j|/ _ f/<:1;> . g(:l:) — f(:l,:) . g’(:,l.:) " g(’J‘) 7§ 0
() v)] o

(The Quotient Rule) {

Q& |

(The Chain Rules) [[(g(x))] = [/(g(x)) ¢ (x) or %:% - 9 where y=f(u), u=g(x);
g(h(@)))]" = fig(h(x))) - o' (h(x)) - B (x)

Basic Formulas

(#) =1, (The Power Rule) (x") =1-2" ' (r #0). (") =€ (Ina) = .
1 1
sina) = cosux osa) = —sinr. ta .’/:—%. otan ) = — —
(siux) = cosu, {cos ) sin . (tanx) p—p (cotan ) NREPE
1 -1 1 —1

I

142"

(arctan x) (arccotan @) = el

arcsin )/ =———= arccos ) = ,
{arcsin z) Niwh (¢ ) Wi

t



RESENE PRIKLADY
Priklad 1. Derivujte funkce.

11 Cos

(a)y =2+ 4/ — g (b)y =6+e" sinx (¢)y = o (d)yy=1In <1z72 + 13).
Resent. (a) Uzijeme vzorce pro derivace souctu/rozdilu, nasobku a mocniny.
(23 +4y/7~ al—é)’ = (2:'5)/—|—4- (rz:ﬂ —11- (;17*2)/ = 32%44- % i1 (=2)-273 = 327 -% + %

/
ol VSmnote o e mio e (1Y - : S )
Pozndmka. Vsimncte si, ze pro urceni <7> Jsie nepotiebovall vzorec pro derivaci podilu.

(b) Uzijeme vzorec pro derivaci soncinu a zalkladnf vzorce.
3 T N xy/ B @ Y s 2 €T
(64+e"-sina) =06+ (e") sina+e - (sina) =0+ c"sinw + " cos = e¥(sina + cos ).

(¢) Podle vzorce pro derivaci podilu je

((:OS ;1'>/ _ (cosx)’ 2o —feosa - (20)]  (=sina) - (20) —[cosw 2] wsinw b cosa
2 B (2a)2 B (22)? o 2
(d) J(u) = 1Inwu, v = g(e) = >+ 13. Dosazeni g(x) za w ve vzorci pro [(u) ddva
y = f(g(x)) = In(2* + 13). Nynf uzijeme vzorce pro derivaci podilu;
, 5 o df o du 1 1 2u
Y= n(z"+13)| = — — =—-20 = — S2u = .
Y [ ( >] du dr w @2 +13 S +13

Priklad 2. Pro g(x) = [2” — 8| + 22-ch_a2)(x) vypoctite hodnotu ¢'(3) + ¢'(—1).
Resent. Pro kazdy z bodi 2 = —1, 3 vvbereme otevreny interval k derivovani g(u).
Bod 3 € (2,8) ana (2.8): g(r) = —(2* —8x)+2r -0 =8r— 2% — (1) =8 — 2
bod —1€ (=2.0) ana (=2.0): g(o)= (2" =8x)+2r -1 =2 — 6r — ¢(x) =21 — 6.
Nyni muzeme vypocist: ¢'(3) +¢'(=1) =8 =2 3]+ [2-(=1) = 6] =2 + (-8) = —6.

Qe .
0125 ¢ 0o

-~ AT . * " . . ’ . . v e . 3 . B ~ '2 _
Priklad 3. Najdete velikost ithlu mezi tecnou piimkou grafu funkee v = 0% - ¢
a = 2.3 a osou z.

Resend. Nejdiive uréiine derivact s uzitim pravidla pro derivovdnl soudinu a sloz. funkee.
/ / . /
: —~0.12x p —0.12x 2 —-0.12x ‘ —0.12x 5,2 ,,—0.12x -0 122 /¢ .
y = (:1;2-0 0”"’) = (;1?2> om0 -((5 0-1 1> = 2pe VI (012,207 02 = gm0 12 (2—0.12x).

Sklow tecny v bodé a=2.3: 3/(2.3) = 2.3 - 0O EI (2 L (012) - (2.3)] = 3.008845.
Miame tan o = 3.008845 a uziti funkee “arctg” ddva o = 71.62°.

oy Ty~ . . . , . I P
Piiklad 4. Najdéte viechny stacionarni body funkce y = ™ 27713,

L . 31222 4 231222 1 : 2\ 311952 P .

Resent. ' = (e‘f Hlzet 5) = @7 12T (:(75 + 1207 + 3) = ¥ 12 (3;1’: + 24:1:) = ().

Uzili jsme pravidlo pro derivaci slozené funkce a pak polozili derivaci rovim nule. Vyraz
3 DI s oy . Ny )

e 123 ent nikdy roven nule, tedy 322 + 24z =0 — a1=0.29= — 8 (dva stac. body).

Priklad 5. Dodle velejuyceh zdravotnich zdznamu bylo £ tydnu po vypukouts epidemic
80
chitpky priblizné Q{t) = ———— tisic nakazenycli
PKY L 2() 4+769‘1'2t € )
Jakou rychlosti se chiipka sifila na konct drubiého tydue? [HoBr, pg. 302]

Resend. Ziskdme vzoree pro rychlost

AQ(t) 80 - (4 + 76~ ) — 80 (44 76e M) 0= 8076 e " (1.2) 72960 M
at (4 + T6e—L21)? - (4 + 760~ 120)? (44 76e= 1212

7296Ge( 122 e T et
5 = 5.58 tisic lidi tydne.

Nakonec (Q'(2) = it Tel-152)?

6



SAMPLE EXERCISES

Example 1. Differentiate the functions.

11 " ; 08 .
(a)y =u +4f— -5 (b) y =6+¢" sinuw (c)y= ((2)8 ! (d)y=1In (.’172 + 13).
T
Solulion. (a) We use the sum/difference, the constant multiple. and the power rules.

(2P + 4z — 1) = (17:‘)/+4-(:17‘|> —11- (2% =327 +4-1 ’:*%~11-(—2)-1" *312¢\ZF+3—§

Note. Notice that we didn’t need the quotient rule to determine (%)l
(b) We use the product rule and the basic formulas.

(6+¢" sinw) =6 + (") -sinw+e” - (sina) =0+ c"sinw + ¢ cosa = o (sina + cosa).
(¢) According to the quotient rule

((:OS :r_:>/ ~ {eosa)" 20— [eosa - (20)]  (=sina) - (20) — [cosw 2] wsing o+ cosw
2 2

(2x)* (2.

)2 - 92
(d) f(u) =Inu, u=g(x) =213 Substituting g(x) for « in the formula for f(u) gives
y = j’(g({z:)) = In (2 + 13). Now, we use the chain rule:
roodf du 1 1 o 2

y =1 1) =5 S o= T
J { n(e* + )JI du dr o T2 +13 T +13

Example 2. For g() = |[a? — 8u| + 2u-ch_y0)(x) calculate the value of ¢/(3) + ¢'(—1).

Solution. For each of the points z = —1, 3 we choose an open interval to differentiate g(x).

Point 3 € (2,8) and on (2,8): g(x) = —(2? — 8x) + 20 -0 = 8 — '12 — g'(2) =8 — 2u;

point —1 € (=-2,0) and on (=2,0): g(x) = (a® = 8u) + 20 -1 = 2% — 6 — ¢'(x) = 22 — 6.
1) =

Now we can calculate: ¢'(3) + ¢/(— B8—2-3]+[2 (~1)=6] =2+ (-8) = —6.

Example 3. Find the measure of the angle between the tangent line to the graph of
y = e at point a = 2.3 and the -axis.

Solution. First, we compute the derivative using the product rule and the chain rule.

y = (1172 : e‘o'm’r>/ = (;172>/-0‘0'12‘”+.1'2~ ((f()‘u"")/ = 2ue” M 0120270 = om0 (90 120),
The slope of the tangent at a=2.3: ¢/(2.3) = 2.3 712 E3 19 ((.12) - (2.3)] == 3.008845.
We have tan o = 3.008845 and the use of the function "arctan” gives a = 71.62°.

B 12e243

Example 4. Find all stationary points of the function y = ¢
/ . a2 . . . / i 92
Solution. y' = ( . 5) = o IS, (:l,”g +122° + 3> = o R (51 + 241) = ().

) . . . 231020
We used the chain rule, then put the derivative equal to zero. The expression ot *12e°+3
never equals zero, thus 30 + 240 =0 — x) = 0. 15 = —8 (two stationary points).

Example 5. Public health records indicate that ¢ weeks after the outbreak of a certain form

. . 30
of influenza, approximately Q(/) = R thousand people had caught the disease.
) (

At what rate was the discase spreading at the end of the 2nd week? [HoBr, pg. 302]

Solution. We get the rate of change formula

dQ(t) 80 (44 76712 ~ 80 (44 T6e 'Y 0= 8076 e (-1.2) 7296e 12
dt (4 + TGe1.21)2 h (4 + 76e~ L2*)2 (4 + TGe— 1202

72966122 o
(1t 7612 2>2 = 5.58 thousand people per weck.
4+ T6el-12)

Finally, Q'(2) =




ULOHY K RESENI

Uloha 8.A.1. Najdete vEechny body nespojitosti dané funkee.
(a) y = chyqp(e)+ chp g (), (b) v =chyyy(w) +2-sigu(e),
(¢) y=chy(a) + chyy(a® — 1), (d) y =2 sign(x) + 2.

Uloha 8.A.2. Derivujte s pouZzitim vzorcu pro derivaci souctu/rozdilu, nasobku, mocniny
a zakladnich clementérnich funkef.

)2
‘ b 11
(a) y=1+22—2a> (b) y =2V +tgx. (¢c) y= LI -5
‘ X
(d) vy =22 + 3arcsin a, (e) y=12" + T () y=—-—=3mux.
- "
Uloha 8.A.3. Derivujte uzitim vzorcu pro derivaci soucinu a podilu.
(a) y=sinx-cosr, (b) y=r¢"/r, (¢) y= —[——+é
L=
, e s T
d) y=a% " -tgu, e) y =~ f) y=-——ou.
(d) v g, (e) 5 0 y="53

Uloha 8.A.4. Derivujte uzitim vzorcu pro derivaci slozené funkee.
(a) y=sin(2z+1), (b) v = In{cosx), (¢) y= 22— 3,
(d) y=c" "2 (e) y = sin(cos(7x)). (f) y = arctan (32).

Uloha 8.A.5. Vypoctcte hodnotu 3/(2) pro danou funkei.

(a) y = |2* — 5 + 4. (b) y = In[22=3] + 2-ch(y (), (¢) y=2? - sign(—x).

Uloha 8.A.6. Zjistéte velikost tblu mwez tecnou gralu funkcee y = f(x) v bode a a osou x.

. xr+1
(@) y=3v-2Vx, a=4, (b) y=2+2-¢ a=0 (¢) y= i 5 = 1.
X
Uloha 8.A.7. Najdéte viechny stacionarni body danych funlked.
, 1 x ) 41
(a) f(t) =1+ n (h) glw) = 2w? — 9w + 12w — 6. (¢) h(u) = ¢ 5
o= 2

Uloha 8.A.8. Po prudkém rustu hoduot obyvtnych domu na severovychode USA v polovine
80-tych let ndsledoval od roku 1990 jejich pokles. Funkee V(1) = 140000e” "% odhaduje
prumérnon hodnotu V' (v §) rodinného domu v wréitém mesté, pricemz ¢ se rovnd Casu
mérenému v mésicich od 1. ledna 1990. Jakou rychlosti se sledovana hodnota ménila k1.
cervenci 19917 [Bud. str. 727]

Uloha 8.A.9. Podle klasické ekonomické teorie poptdvka d(x) po dané komoditeé na volnéin

trhu klesé, pokud cena 2 roste. Predpokladejme, ze pocet d(x) flash disku, které lidé koupi

. . e . 50 000 J SR y
za tyden v dandm meéste za cenu a$. je d(x) = 100 0E (4% < @ < 15%). Najdete d(5)
a d'(5) a interpretujte. [BaZi, str. 169]

Uloha 8.A.10. Niklady na produkei o jednotek nejakého vyrobku jsou dany predpisem
C'(x) = 1000 4 2002 = 2001nx (x> 1). Najdéte C'(10) a C'(10) a interpretujie.
[BaZi, str. 287



PROBLEMS TO SOLVE

Exercise 8.A.1. Find all discontinuity points of the given function.
(a) y = chy (@) + chgg (), () y =l nle) + 2 sign(x),
(¢) y=chpy(x) + (‘1’1{1}(;1:2 - 1), () y = sign(w)+ 2.

Exercise 8.A.2. Dillerentiate using the sum/difference rule, the constant multiple rule. the
power rule, and the formulas for derivatives of clementary functions.

‘ 2
(a) y=1+2z— 2> (b) y = 2z + tanz, (¢c) y= 11 - %
‘ X
(d) vy =2V + 3arcsin z, (e) y=12" + 7 (f) y=—-—3Inx.
Exercise 8.A.3. Diflerentiate using the product rule and the quotient rule.
(a) y=sinaz-cosux, (b) y=1¢e" . (¢) y= [ i ;
S @ sinr % =2
d) y=a? " tanz, (e) y=— : £y y= —.
() v ' )y r+5 (0 v a2 42
Fxercise 8.A.4. Dillerentiate using the chain rule.
(a) y=sn2e +1). (b)Y y = In{cos ), (¢) y= V23
(d) y=e"""2 (e) y = sin{cos(Tx)). (f) y = arctan (3a).
Exercise 8.A.5. Calculate the value of ¢/(2) for the given function.
(a) y = |2% — 52 + 4], (b) y = In|2x—3] + x-clyy 4 (0), (¢) y = 2% sign(—x).

Exercise 8.A.6. Find the measure of the angle between the tangent line to the graph of
function y = f(x) at point a and the r-axis.
9, . r 41
(a) y=3x—2Va, a=4, b)) y=2+a-¢" a=0, (c) y= —t a=1
T —
Exercise 8.A.7. Find all stationary points of the given function.
: 1 A . i u -+ 1
(a) f(t) =1+ -, (h) gir) = 2w — 9w? + 120 — 6. () Iy = —— -
[ w2
Exercise 8.A.8. lollowing a rapid increase in the values of residential homes during the
1id-1980s, real estate values in the Northeast began to drop in 1990. The function V(1) ==
140, 000c "% s a function which estimates the average value V' (in $) of a single-family
residence in one particular township, where ¢ equals time measured in months since January
1, 1990. At what rate was the value changing on July 1, 19917 [Bud, pg. 727]

Exercise 8.A.9. According to classical economic theory, the demand d(x) for a commodity
in a free market decreases as the price @ increases. Suppose that the number d(a) of flash
discs people are willing to buy per week in a given city at a price $x is given by

50, 000
d(z) =

100+ 58 (34 < @ < $15). Find d(5) and d'(5) and interpret. [BaZi, pg. 169]

Exercise 8.A.10. The cost of producing = units of a product is given by ('(27) = 1. 000 +
2002 — 2001Inw (w > 1). Find C'(10) and C’(10) and interpret. [BaZi, pg. 287



Minitest MT8. A

L pocet bodu nespojitosti funkee y = chyy(x—1) + chg1)(x) + sigu(z) je
Ao (B ()2 (D)3 (E)4
2. S— o
Najdéte vSechny staciondrni body funkcee y(t) = V% — 3t.
(A)ODal (B) pouze 1 (C) pouze —1 (D) —1al
(E) zddud 7 odpovéd{ neni spravié.
Pro g(x) = 3¢ +Inx - cosa + /7 jo velikost tthlu ezt tecnou gralu funkce g v hodao
a = 1.1 a osou 2 (zaokrouhlena na celé stupnc)
(A) 81° (B) 82° (C) 83° (D) 84° (E) neni zadnd z uvedenych.
4. V MAPLE byl zadan piikaz diff (sin(x)*exp(x)*x°5,x);
Visledek je
(A) 2?e"(acosa + asina + Hsinw) (B) ate"(wcosa + wsing + Ssina)
(C) e*(wcosa + zsina + Jsin ) (D) a*(acosx + awsina + Ssinx).
5 Funkce P(a) = 202 + 40( Vo modeluje jak zisk P(2) zdvisi na poctu prodanvel
kusu za tyden (tj. na ). Na drovol prodeje 100 kusa za tyden je margindlni zisk
(A) 30 (B) 40 (C) 50 (D) 60 (E) nenl zadny # uvedenycl,
6. .
Jeli y=-——_  paksoucet y(1) -+ (1) 4+¢'(~=2) je roven
sign(—u)
(A) =2 (B) -1 (C) 1 (D) 2 (E) neni zéduy 7 uvedenych.
7 Sklon tecny grafu funkee y = pa® + In(22 — 7) v bode @ = 4 je 26. Pak hodnota
parametru p je
(A) 1 (B) 3 (c) —1 (D) —2 (E) nend Zadud z uvedenyeh.
8. Vzacny wnclecky predmet nabyval v poslednich letech na cene. Funkee V(1) =
1.5e%05% pdhaduje hodnotu V' tohoto predmeétu (v milionech dolara) jako funkei casu
t, ktery je meéfen v letech od roku 1996. Jakon ryvchlosti bude rust hodnota tohoto
predimétu v roce 20107 (Visledek udejte v milionech dolar roéné zaokrouhleny na
2 desetinnd wista.) [Bud, str. 717
(A)0.15 (B) 017 (C)0.19 (D) 021 (E) zadna z uvedenych hodnot.
% Na intervalu (10.11) je derivace funkce y = 2w - sign(3 — 2v) — % — Gx| rovna
(A) y/=—22+38 (B) y=—2r+4 (C) y=2x+38 (D) =22+ 4
10.

df  w-cosu- (5= u)—sinu- (5 —2u)

Je-li — = . : o pak funkee f(uw) muze byt
N u? - (5 —u)? ! ke S (u) ‘

) SIH U (()b U sin N sin
(A) flu)y=—— g (B) flu)=—— - (C) f(”)*—*);*: ) (D) f(“r)mzl"; e




Minitest MT8.A

L. ~Tho nunber of discontinuity points of function y = chyyy(2—1) + chi 1 (x) + sign(z)
19 (A) 0 (B) 1 (C) 2 (D) 3 (E) 4.
2. . , —
Find all stationary points of function y({) = /(3 — 3t.
(A) 0 and 1 (B) only 1 (C) only -1 (D) —1 and 1
(E) none of the above is correct.
3. : = :
For g(x) = 3e” + Inu - cosx + /7 the measure of the angle between the tangent to
the graph of function g at a = 1.1 and the z-axis (rounded to the nearest degree) is
(A) 81° (B) 82° (C) 83° (D) 84° (E) none of the above.
4. In MAPLI, the command diff (sin(x)*exp(x)*x°5,x); was cntered.
The result is
(A) 23e"(x cosa + asina + Hsinx) (B) ate”(x cosw + wsina + 5sin )
(C) o"(wcosa + wsinw + 5sin ) (D) (v cosw +wsina + Hsinw).
o The function /7(x) = 202 + 400z is modeling how the profit 2(a) depends on the
number of items sold in onc week (i.c. on ).
On the level of 100 items sold in one week the marginal profit is equal to
(A) 30 (B) 40 (C) 50 (D) 60 (E) none of the above.
6. 2
If y=-——— then thesum y(1)+y'(1)+y(~2) isequal to
sign(—ux)
(A) -2 (B) —1 (C) 1 (D) 2 (E) noune ol the above.
7 The slope of the tangent line to the graph of function y = pa® + In(22 — 7) al point
a =4 1is 26. Then the value of parameter p is
(A) 4 (B) & (C) -1 (D) -3 (E) none of the above.
8. A rare piece ol artwork has been appreciating in value over recent vears. The function
V(1) = 1.5e%9" estimates the value V of the artwork (measured in millions of dollars)
as a function of time [, measured in years since 1996. At what rate is the value of
the artwork expected Lo be increasing in the year 20107 (Give your result in millions
of dollars per vear rounded to 2 decimal places.) [Bud, pg. 717]
(A) 0.15 (B) 0.17 (C) 0.19 (D) 0.21 (E) none ol the above.
. On the interval (10.11), the derivative of y = 2u - sign(3 — 2r) ~ [ — G| is
(A) y'=—22+38 (B) ¢/= — 2w +4 (C) =22 +38 (D) /=22 +4
10.

1f  w-cosu-(5—u)—sinu-(5—2u , i ,
If (—i _ woosu- (5 —u) —siny S ) then the function [(w) can be

du u? (5 —u)?
dHsinu COS U . SN SIN
w)=23 )= W)= (D) flu)=
(A) f(u) w — 1> (B) f(u) 5 — u? (©) flw) Bu — 12 (D) flu) u — Su?
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TOPIC 8.B. Aplikace derivaci

Y = %T—g = f"x) = %;{; druhd derivace funkce y=f(x) podle 2
: 2y , . : :
y'(a) = f"(a) = %;i(a) Loduota drulé derivace fuukce y=f(x) v bodé a de-

finicnitho oboru funkce f

y® = (hy = W) () = L hetd derivace funkee y=[(x) podle z

[38
yW(a) = f*a) hodnota k-té derivace funkee y=f(x) v bodé a de-
finieniho oboru funkee f
Poznamky
e Derivace vyssich radu se ziskajl opakovanym derivovanim.
e Je mozno uzivat jinych symbolu nez y a . Priklady: f"(t). ‘%
o Je-liy = f(t). kde [ je ¢as, pak " = [”(t) uddvd okamzité zrychlenf popisovanélio
procesu.
Aplikace derivaci funkce y = f(x)

Tecna primka grafu funkce [ v bode a je y— f(a) = [/(a)- (x —a); v dotykovém bode
la, f(a)] s grafemn je pak kohuice k tecné normalou grafu funkee f .
Diferencial funkce f v bodé a je df, = f'(a) da. Pouzivé se k aproximaci hodnoty
funkce f v bode @ = a + /i blizkéin k a; za dr dosadime hodnotu priastku . Uzivdine
vzorec f(a) = [(a)+ ['(a) -}
L’Hospitalovo pravidlo (limity newréityeh vyrazu)

fe)__ o ol )

Necht lun 75) ;GH ncho = H_h Je-li 11111 ff—) = [, pak :17111 A( ; = |

(Upozornént: citatel a jmenovatel se derivuji kazdy zvilast!)

Monotonie a konvexnost v hod¢ « nebo na oteviendin intervalu /:

Ja) >0 = [ jerostouct v a, Ja) <0 = [ jeklesajici v a,

J"a) >0 = [ je konvexui v a, JMa) <0 = fjekonkavni v a,

(Veel) ['(2) >0 = fjerostoudd na I, (Vael) ['(x) <0 = [ je klesajici na I,
(Vael) f"(z) > 0 = f konvexui na [, (Vael) f"(x) < 0 = f konkdvni na /.

Tayloriiv mnohoclen k-tého stupné v a pro funkei y=f(x) :

T(e) = fa) + T —a)+ D00 —a)? ¢ e —a)p 4 Ll gt

Lokalni extrémy a inflexni body funkce y=f(x)

Staciondarni bod funkee f je takovy bod a jejtho def. oboru, ze f'(a) = 0.
Je-1i a stacionarni bod funkee [ A ["(a) < 0, pak f ma lokdlni maximum v a.
Je-li a staciondrni bod funkce [ A ["(a) > 0, pak [/ ma lokalni minimum v «.

Je-li f"(a) =0 A ["(a) # 0, pak [ 14 inflexni bod v a.

Absolutni extrémy funkce [ spojité na uzavieném intervalu (p. q)
Weierstrassova véta zarucuje existenci absolutnich extrému.
IX jejich nalezeni vyhoduotime funkei f pouze ve:

staciondrnich bodech + bodech, kde derivace necristuge + bodech p. q.
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TOPIC 8.B. Aplications of Derivatives

Yy = :,Z_’ = f(x) = % the 2nd derivative of function y=f(x) with respect to
'(a) = f"(a) = Z—};{(u) the value of the second derivative of y=f{x) at point a

of the domain of f
y(” = —AJ = [W(r) = ?7{ the fth derivative of y=f{(2) with respect to «
N

). the value of the kth derivative of function y=f(x) at
point a of the domain of f

Notes
e Higher-order derivatives are obtained by repeatecd differentiation.

. 3
e Other symbols than 1 and x can be used. Examples:  f"(1), f}—fﬁi

o [f y = f(1), where £ is time. then ¢/ = ["(#) gives the instantaneous acceleration of
the process describecl.

Applications of derivatives of function y = f(x)

The tangent line to the graph of f at ais y—f(a) = ["(a)- (x—a); at the tangency
point [a, f(a)], the perpendicular to the tangent line is the normal line (o the graph.
The differential of function [ at point ¢ is df, = f(a)-dx. It is used to approximate
the value of function [ at point @ = a + h close to a; we replace du with the increment
value of . We use the formula f(x) = f(a) + ['(a) - h

The L’Hospital’s Rule (limits of ind(‘torminato forms)

Let lim f(rr ]O' or = ll%” If lim £ = 7, then lim ’Q = L.
a9l [ [ i oo w—a 9 ( ) v 9(@)

(Caution: tlm numerator and the denominator are differentiated separately!)

Monotonicity and Concavity at a point ¢ or on an open interval /:

f'la) >0 = [ isincreasing at a, J(a) <0 = [ is decreasing al a,

J"a) >0 = fis concave up at a, f"(a) <0 = [ is concave down at a,
(Vaeel) ['(x) >0 = fisincreasing on I, (Vael) f/(x) <0 = [ is decreasing on /,
(Vael) f"(x) >0 = f concave up on . (Vaecl) f"(x) <0 = [ concave down on /.

The kth-degree Taylor polynomial at a for function y=f(x) :
a " . ) (a hy
T(x) = [(a) + (e —a) + (e —a)? + L0 —a)* 4+ 4+ L2 — a)

N

Local (relative) extrema and points of inflection of the function y=f(z)
The stationary point of function f is such a point a of its domain that f/(a) = 0.

If a is a stationary poiut of f A f”(a) < 0. then [ has its local maximum at «.

If @ is a stationary point of /A [”(a) > 0, then [ has its local minimum at «.

If f"(a) =0 A ["(a) # 0, then [ has its point of inflection at «.

Absolute extrema of function [ continuous on a closed interval (p, q)
The Weierstrass’ theorem guarantees the existence ol the absolute extrema.
To find them we evaluate the function [ only at:

the stationary points + the points where the derivative is undefined + points p, q.
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RESENE PRIKLADY

Priklad 1. Najdéte derivaci 3. fddu funkce y = 2% — 2 -sina + 3 - 7.

Resent. Uzijeme pravidla pro derivac mocniny, soucinu a slozené funkce:

y' =32 —sinw —wcosx + 6e* T — Y = (y) =61 — cosx — cosa + wsina 4+ 12627 =
Or —2cosw +asinw + 120%77  — " = (Y =6+ 3sina + 2 cosa + 24e20-T,

Piiklad 2. Déana funkce y = f(1) = fZ‘ 1 bod b = 2 jejiho definicniho oboru.

1
(a) Je funkce f v bode b rostouci nebo klesajicd, konvexuf nebo koukévini?
(b) Udejte rovnici tecny a normdly v bodé b.
(¢) Uzijte difercncidl funkee f v bode b k odhadu hodnot f(2.011) a f(1.97).
(d) Najdéte Tayloruv polvnom 2. stupué v bodé b pro f.
(e) Uzitim L Hospitalova pravidla vypoctete lim Jity a lim f.

tesent. Uzijeme pravidlo o derivaci podilu k vypoctu prvntd a druhié derivace.

)‘ 20D (P 4) ] £2-t—g d2fd (t—~21, 4) 1o
o (=1 ) 7 (-1

- (t—1)% (=120 dt? dt
Budewne potiebovat f(2) = %—‘f =8, [(2) = i;‘g%%;i =—4, a [7(2)= (Tl-(i)-* = 10.
(a) [ je Klesajicl a konvexnl v b, protoze f'(D) = —4 <0 a f”(b) =10>0
(b) Tecna v P =[b. f(b)] =[2,8]: y—8=(~4)-(t-2).tj. y = —4& + 16.
Normala v P (sklon je —+ = 1), -8 = =2t y=2+ 2

474
(¢) Diferencial tfunkee f v bodeé b je df, = (—4)-dt a aproximace pak Jsow:
f(2.011) = f(2) + (=4) - 0.011 = 7.956, J1.97) = f(2) + (—4) - (—0.03) = 8.12

(
() 7)) = J0) - L~ p) + B (b =8 — 41 = 2) +5(1 — 2)2.

1!

: 2 J 24 9t | e | . . .
(o) Jim 2 = ] = sl = i G = i % = 5] = oo o/(2) existae
— g je spojitd v h=2 -» 1111% Jt) = f(2) = 2;7111 = & (L'Hospitalovo pravidlo nemuze byt uzito).

Priklad 3. Rozhodnéte, kde je funkce g(s) = s-e 7 (a) rostouci. (b) konvexni,
Resend. (a) Prvai derivace %{: (sre)=1c"—s-e"=e" (1—s).
Testovani prvuf derivact: ™ - (1 —s) > 0 1 — 5 > 0, nebotl vady ¢=* > 0.
Zavar: funkee g je rostouct na (—oc, 1).
wha derivace 98 — 9 (1 _ o). o) = —s NS s (o o
(h) Druha dLlchLLL» H=P(1=s) %) =(~1)-e7" —.(1 - et =e" (s —2),
Testovan! drubiou derivacl: e¢™ - (s —2) > 0 < s — 2> 0, tj. ¢ je konvexni na (2, +00).
Piiklad 4. Pro funkci h:y = 223 — 322 — 120 + 10 najdete
(a) jejl lokdlni extrémy. (b)) jeji inflexnt body,  (¢) joji absolutni extrémy na (0. 3).
Resend. (a) Drubid derivace sc musi rovuat nule: 3y = 622 =62 —12 =0 — a; = —1.ay =2
Nyni testujeme druhion derivact (¢ = 120 — 6) v ay a ag:
y'(=1) = =18 — lok. maximum v a; = —1;  3"(2) =18 — lok. minimum v ay = 2.
(b) Polozime 3" = 122 — 6 = 0 a wmdime a3 = % Nyui 3" = 12, tj. 1 /”( ) =12 #£ 0, coz
potvizuje, 7¢ az jo inllexni bod.

(¢) Na (p,q) = (0.3) splinuyje funkce podminky Weierstrassovy vl ar | pla
vety. Je diferencovatelua na (0,3), takze vyhoduotime pouze sta-  f() | -10 |10 [ 1]
ciondrni bod as (a1 je mimo interval (0, 3)) a p=0, g=3.

Absolutnd maximum (= 10) je v bode p a absolutni minimum(= —10) je v bodé a,.
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SAMPLE EXERCISES

Example 1. Find the 3rd derivative of the function y = 2% — 2 - sina + 3 - 0277
Solution. We use the power rule, the product rule, the chain rule, cte.:
Y = 31? —sina — xcosa + 6T -y = (y') = 6a — cosw — cosa + wsinaw + 12027 =

67 —2cosw +asing + 1267 — " = (y") =6+ 3sinx + xcosw + 247

244
t—1

Example 2. Given [unction y = [({) = and point b = 2 in its domain.

(a) Is the function [ at point b increasing or decreasing, concave up or down?

(b) Give the tangent and the normal line equations at point b.

(¢) Use the differential of f at point b to estimate the values of f(2.011) and f(1.97).
(d) Find the 2nd-degree Taylor polynomial at b for f.

(e) Using the L'Hospital rule calculate fli{l}x/ (1) and }171}1‘} J{0).

Solution. We use the quotient rule to caleulate the first and the sccond derivative.

df 2 (=) —(#2 1AL 29t A2F o d (fﬁf‘z/ﬂl) 10
de (t—1)* (=1 drF T de \ (e=1)2 ) T (-1
224 ) e 22224 ) 1 (e
We will need f(2) = 54 =8, ['(2) = C ””34 = -4, and [7(2) = (2}%)3 = 10.
(a) [ is decreasing and concave up at b because /(b)) = —4 <0 and ["(b) =10 > 0
(b) The tangent line at P = [b, [(b)] = [2.8]:  y—8=(—4)-(t —2),i. e y = —41 + 16.
The normal line at P (the slope is —=4 = 1) y—8=1.(1-2), i e y= s+ 22

(¢) The differential of function / at point b is df, = (—4)-d¢ and the approximations arc:

J(2.011) = f(2) + (=4) - 0.011 = 7.956, JOL9T) = [(2) + (=) - (—0.03) = 8.12.

(d) T(L) = f(b) + ’<b>(/ by + L& 2>(. D)? =8 — A(f — 2) 4+ 5(1 — 2)2,

(&) Jim 55t = [ = o = i (2 = him 3= e = et g/(2) exists
— ¢ is continuous at b=2 - lin; /( ) J(2) = “)7—14 8 (the L'Iospital rule can not be used).
Example 3. Decide where the function g(s) =s-¢7" is (a) increasing, (b) concave up.

Solution. {a) The first derivative %‘f (sce™)=1l-e*—s- ¢ =e¢* (1-s)
The first derivative test: e™ - (1 =) > 0 < 1 — s > 0, because always e™ > ().

Conclusion: the function g is increasing on (~oc, 1).

(b) The 2nd derivative Py = dy ({(I—=s)-e)=(-1)-e?=(1=s5)-eF=c" (5s—2).

ds? ds

The 2nd derivative test: e (s —2) > 0 & s — 2 > 0, Le. g is concave up on (2. -+oc).
Example 4. For [unction ) :y = 22° — 322 — 122 + 10 find

(a) its local extrema,  (b) its points of iuflection,  (c) its absolute extrema on (0. 3).
Solution. (a) The derivative mnst be equal to zero: 4 = 622 —6rx—12 =0 — a; = —1.ay = 2.
Now, we use the second derivative test (y” = 120 — 6) on a; and ay:
y'(=1) = 18 — loc. maximum at a; = —1;  3"(2) = 18 — loc. minimum at ay = 2.

(b) We put ¢ = 122 — 6 = 0 and we have ay = . Now, " = 12, 1.c. y(3) = 12 £ 0,
which conlirins that az is a point of inflection.

(¢) On {p,q) = (0,3), the function satisfies the conditions of vl ar ] pla]
the Welerstrass's theorein. It is differentiable on (0.3). so we only fa) H 10 1 10 t 1
evaluate the stationary point a, (ay is out of (0.3)) and p=0. g=3.

Absolute maximum (= 10) is at point p and absolute minimum(= —10) is al point a;.



ULOHY K RESENI

Uloha 8.B.1. Pro funkciy = /() zjistcte, zda je v hodd a rostoucd nebo klesajicl, konvesni
nebo koukdvni; pak udejte roviice tecuy a normadly.
|

(a) y=>0x— 2y, a=4, ) y=6+z-e* a=0. (¢)y= o 0= —1.
2

Uloha 8.B.2. Vypoctéte hmity. Pokud mozno uzijte L'Hospitalovo pravidlo.

a2 2 a—2 22— 2
a) lim ——mMm8 —— b} lim ———MM . S lim
(a) Py 22 —4x + 37 (b) oo 22 —dp + 3 () oo 22 —dr 4+ 37
. osmnw . tga X 3nx
1 ) A (! Iy
(d) Ty ==, (e) lim = (£) T o

Uloha 8.B.3. Uzithn diferencidlu funkce y = f(x) v daném bodé a aproximujte hodnotu

J(0).

(a) y =327 — 2yw. a =40 =1.001 by y=20+z-c* a=0b=--013
Uloha 8.B 4. Udejte Taylornv mnohoclen stupne n v bodeé a pro funkc [ .

(a) flw)=a* = 32" =20 +5.a=1,n=23. (h) flay=w+4Vw.a=4.n =3,

(¢) fla) =a -sinx,a=0,n =4, () h(u)y=lnz,a=1,n=4

Uloha 8.B.5. Najdéte iflexni body.
(a) y=8— 4u? (b) y=u%+0622 — 6 +12, (¢) y=a' — Ga? +6,

(d) y=e> " (e) y=+Va?+1, (1) y=u? — L
Uloha 8.B.6. Vyhodnotte danou funkei na staciondrni body a urcete jejich povalu.

1 , - .
(a) f(t) = t—l—?, (b) glw) = 2w~ 9w* +12w,  (¢) hu) = et 2u, (d) k(x) = 26224122,

Uloha 8.B.7. Pro funkciy = f(x) najdéte na uzaviendm intervalu / jejf absolutnd maxinnun
a absolutnd wininnun.

(a) y=a’ 622 I=(1,5), (b) y=2a" 6u?, I=( L1). (¢) y=uaP-6u I=(1.5).
(d) y =2t “ 1={0, 2}, (e) y = ™! - I={-2.2), (f) y= ek T={ 1.2).

Uloha 8B.8. V urdité tovarng je denni produkee Q(L) = 60.000L'Y3 jednotek, kde
L oznacuje objemn nasazené pracovid sily méfeny v cloveko-hodindch. V soucasud dobeé je
denn¢ nasazeno 1000 ¢lovéko-hodin. Uzijte diferencidl v L = 1000 k odhadu jaky efekt na
produkei by mélo omezeni nasazené pracovni sily na 940 ¢lovéko-hodin. [HoBr, pg. 129]

Uloha 8.B.9. Nabytkarska firma odhaduje, ze tydennt ndklady (v dolarcch) na vyrobu x
kusu rucné dokoncované repliky stolu v kolonidlnim stylu jsou ddny jako C'{x) = 2% — 322 —
80z + 500, 30 < 2 < 35. Kazdy takovy stul je proddavdn na 2800 § (tj. R(x) = 2800x). Jaky
je nejvyssh morny tydenui zisk P(x)? [Swo, pg. 161]

Uloha 8.B.10. Kosmeticka firma planuje uvedent nové linie rténky na trh. Oddéleni
marketingu testovalo ve velkém tuto novou linii v peclivé vybranéim mdésté a yjistilo, 7o
poptévka odpovidala priblizne funkei  p(a) = 10e 1 0 < @ < 2, kde @ tisfc kustt rtenky
bylo tydne prodano za cenu p dolaru za kus. Pri jaké cene se dosdlne maximalniho tydenniho
pifjmu R(x) = x - p(x)? Jakd je hoduota tohoto tydeuniho maxiwa? [BaZi, pg. 287]
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PROBLEMS TO SOLVE

Exercise 8.B.1. For [unction y = f(x), at a point a find out if the function is Increasing
or decreasing, concave up or down: then give the tangent and the normal line equations.

(a) y =050 —2Vu. u=4. (b)) y=6+4+u-c* a=0. (¢) y= I;i a = —1
@42
Exercise 8.B.2. Calculate the limits. If possible use the L'Hospital’s Rule.
a4+ -2 22+ —2 a2
a) lim ————— b) lim ———— , LT e
(2) a—2 32 — 4o + 37 (b) P 4o + 3’ (c) hnolc 7% —4r 437
. sinxz tanx 3lna
1)1 D lim e
(( ) 1171% x (O) }Hr(l) 2 <f) 111111 1 — &

Exercise 8.B.3. Using the ditferential of function y = [ () at a specified point a approxi-
mate the value of f(b).

(a) y=32% — 2y, a=4.b=4.001 (b) y=20+a-¢* a=0.b= ~0.13
Exercise 8.B.4. Give the nth-degree Taylor polynomial at a for function f .

(a) flay =a* =327 =2 +5,a=1.n =3, (h) fla)=a+4Vv.a=4.n =3,

(¢) fla) =2 sina.a=0.n= 4, (d) h(u) =Inr.a=1.1n=4

Exercise 8.B.5. Find the points of inflection.
(a) y=8—42? (b) y=u’+0627 — 60 +12, (c) y=a* = 6a? +6,

(@) y=cr, (¢) y=Val+1, (0 y=a2—1L

s
Exercise 8.B.6. Examine the function for any stationary points and determine their nature.

(a) f(t) = 7‘-—0—?, () g(w) = 2w 9w +12w,  (c) hiu) = et (d) k(x) = 2?62 +12u.

Exercise 8.B.7. For function y = f(x). at a specilied closed interval / ind the absolute
maximum and the absolute minimum.

(a) y=a’ =642, I=(1,5), (D) y=a’—6a? I=(-1.1), (¢) y=a=6a% I=(-1.5),
(d) y=e>, I=(0,2), (e) y =217 [=(-2.2). (0) y= X+ I=(—1.2).

Exercise 8.B.8. At a certain factory. the dailv output is QQ(L) = 60.000/"3 mnits. where
L denotes the size of labor force measured in worker-hours. Cwrrently 1.000 worker-hours of
labour are used each day. Use the differential at . = 1,000 to estimate the effect on output
that will be produced if the labor force is cut to 940 worker-hours. [HoBr, pg. 129]

Exercise 8.B.9. A [urniture company estimates that the weakly cost (in dollars) of ma-
nufacturing 2 hand finished reproductions of a colonial desk is given by C(z) = 7% — 322 —
80z + 500, 30 < 2 < 35. Each desk produced is sold for $2800 (i.e. R(x) = 2,800x). What
is the largest possible profit per week [7(x)? [Swo, pg. 161]

Exercise 8.B.10. A cosmetic company is planning the introduction and promotion ol a
new lipstick line. The marketing research department, after test marketing the new line in a
large carefully selected city, found that the demand in that city is given approximatelly by
p(r) = 10e 147 0 < o < 2, where 2 thousand lipsticks were sold per week at a price of p
dollars each. At what price will the weeklv revenue R(a) = - p(2) be maxinnun? What is
the maximum weekly revenue in the test city? [BaZi, pg. 8(}
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Minitest MT8.B

1. Najdeéte rovnici nonmdly grafu [unkee ¢ = f—}} v bodé a = 1.
(A)2e+y—2=0 B)uw+y—1=0 (C)a—y—-1=0
D)2rx—y—-1=0 (E) Zddnd 2 uvedenych.
2. Jo-i g(a) = 327 — 4w + 1. pak tecna grafu funkee g v hode a = 2 proting osu Y
v bodé
(A) [0,-11] (B)[0,-2] (C)[0.1] (D) [0,.11] (BE) jiny vysledek.
3. Provedeni prikazu diff (xxexp(2 - x°2),x$2); v MAPLE ddivd
(A) —6.7:(—3%“/‘2 + 4x3ezf“72 (B) Gze?™"" — 43e2 7" (C) —6uc?™"" — gyde2—o?
(D) Bue? ™ 4 dade o’ (E) jiny vysledek nez nabiduuto.
4. Déna funkce y = u* — G2? + 92 + 4. Necht m je pocet jejich lokdlnich minim a A
pocet jejich lokdluich maxim. Palk
(A) m=0AM=0 (Bym=1AM=0 (Cym=0AMN=1
D)ym=1AM=1 (E) zaduny z nabidnutych vysledka neni spravny.
5. —
Pouziti diferencidlu funkee y = 4vr? +7 v bodé a = 3 k aproximaci y(2.72) dava
(A) 1515 (B) 15.16 (C) 15.17 (D) 15.18 (E) jiny vysledek.
6. Najdete vsechny hodnoty parametru p takové, ze funkee y = (o4 p)- In 2] ma prave
Jeden mflexui bod.
(A) (o0, too)  (B) (—00,0) (C) (0,+2c) (D) p#£0 () jiny vysledek.
7. ‘ : . , , 1
fioy = (v + 1) Jo iy = 2¢", f3:y=In(r+2), Joiy= T
Vyberte dvojict funked, jez jsou (obé) konvexui na (—1,1).
(A) J1. /> (B) Ja. [3 (C) 2. [4 (D) [3. /4 (E) jiny v¥sledek.
8. Udejte vysledel provedent pitkazu v MAPLE
limit (sin(3*x)/x, x = 0) + limit((x - 3)/(x + 1), x = 1);
(A) 1 (B) 2 (C) 3 (D) 4 (E) +o00.
9. 1
Najdete maximalnl otevieny interval, na némz je funkce y = o211 klesajicl,
(A) (—oc.1)  (B) (—oc,0)  (C) (0.+2<) (D) (1,4+2c)  (E) jiny vysledek.
10 Odhaduje se, 7e¢ ¢ let od nynéjska bude velikost populace wrcitého meésta N{x) =
200 — 3 + 92 + 48¢ tisic. Pro obdobi wasledijicichh desetl let (0 < ¢ < 10) najdcte
maximuin a minimum velikosti populace (v tisicich). [HoBr, pg. 160]
(A) 200 a 648 (B) 540 a 580 (C) 580 a 732 (D) 200 a 732.
11.

Déna poptavkova funkee p(a) = v23500 — 22, kde x je pocet, poptdvanych jednotek a
p(x) je jednotkova cena. Tayloruv polynom T'(z) 2. stupné v a = 0 muze byt pouzit
k aproximaci funkece p(i). Rosdil T(40) — p(40) je roven [BaZi, pg. 611]

(A) 1 (B) 2 (C) 3 (D) 4 (E) jiny vysledek.




Minitest MT8&.B

1. Find the equation of the normal line to the graph of 4 = i‘\i at point a = 1.
(A) 2z +y—2=0 B)a+y—-1=0 (C)u—-y—-1=0
(D)2 —y—1=0 (E) none of the above.
2 If g(w) =32% — 4w+ 1, then the tangent to the graph of function g at point q = 2
intersects the y-axis at point
(A) [0,=11] (B)[0.-2] (C)[0.1] (D) [0.11] (E) none of the above.
3. In MAPLI, the execution of the command diff (xxexp(2 - x72),x$2); gives
(A) —Gare ¢ 4;7::‘02f”72 (B) 6re?=" — dyBe2-v (©) —Gae? " 4B’
(D) Gue?™"" 4 dgBe?=" (E) noune of the above.
4. Given function y = x% — 62% + 92 + 4. Let m be the numiber of all its local minima
and let. A7 be the number of all its local maxima. Then
(A)m=0AnM=0 B)ym=1AM=0 (C)ym=0AM=1
D)ym=1AM=1 (E) noue of the above is correct.
5. . : . : 5 ooy
The use of the differential of y = 4v/a2 + 7 at « = 3 to approximate y(2.72) gives
(A) 15.15 (B) 15.16 (C) 15.17 (D) 15.18 (E) none of the above.
G. Find all the values ol parameter p such that the function y = (@ + p)- In |2| has just
oue point ol imflection.
(A) (o, toc) (B) (20,00 (C) (0.400) (D) p#£0 (E) none of the above.
7. ‘ , . . , 1
Niy=eH D fiy=20t fiy=In(e+2). fiiy=——
x4+ 1
Choose a couple of functions which are (both) concave up on (—1.1).
(A) f1, /5 (B) fo, f3 (C) fa, [4 (D) f3, J4 (E) none of the above.
8. Give the result of excceuting the MAPLE command
limit(sin(3*x)/x, x = 0) + limit((x - 3)/(x + 1), x = 1);
(A) 1 (B) 2 (C) 3 (D) 4 (E) +o00.
9. )
Find the maximum open interval on which the function y = e-+1 is decreasing.
(A) (=o00.1)  (B) (—oc,0) (C) (0,+00) (D) (1.+0c) (E) none of the above.
10 1 s estimated that years from now, the population ol a certain town will be
N(a) =200 — 3 4+ 9t + 48( thousand. In next ten year period (0 < ¢ < 10}, find the
maximui and the minimum population size (in thousands). [HoBr. pg. 160]
(A) 200 and 648 (B) 540 and 580 (C) 580 and 732 (D) 200 and 732.
11.

Given the demand function p(z) = /2,500 — 22 where @ is the number of units
demanded and p(x) the price per unit. The second-degree Taylor polynomial 7T(:r)
at a = 0 can be used to approximate the function p(z). The difference of 7°(40)—p(40)
is equal to [BaZi, pg. 611]

(A) 1 (B) 2 (C) 3 (D) 4 (E) none of the above.
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TOPIC 9.A Neurcité integraly

Zakladni pojmy a viastnosti

o Funkce F'(x), pro niz I(x) = f(x) pro kazdé 2 € (a.bh). sc nazyva primitivni funkef
k f(2) na otevienéin intervalu (a.b). Kazdd funkce. kterd je spojitd na otevieném
intervalu /, ma na / primitivid funke.

e Muozina vsech primitiviich funkel k funkei f(z) na oteviendm infervalu {a.b) se
nazyvd neur¢ity integral [unkce f(x) na tomto intervalu. Kazdé dve primitivii funkee
k funkei f(x) na danéin intervalu se 1isi o nejakou konstantu.

o Pro newdcity integrdl uziviine oznaceni /f(\l’)(l.’(f = ['(r) + O kde diferencial dx
specifikuje, 7e proméund je 2; (' se naziva integraéni konstanta.

Metody integrace

(Nalezeni vhodnych otevienych intervalu je ponechdno na ¢tendii: integracni konstanta
je vynechana. )

/ J () £ gle)de = / J(x)de + / g(x)de / ko J(ae)de = k- / J () du

_ et +b
Je-li /j Jda = F(x), pak / [lal + b)d (at +) pro lib. a £ 0 alib. b € R
a
(tzv. linearni Substltuge)
n 1 ’ ' 1
Jatda = %1 a déle / v idy = / —de =z na (—oc.0). (0, +00).
: : S ow
- N X) , o1
/ e“du = ¢ / ~—~—-—--~dz =In|f(x)]. napr. / ———————————— le = / ——da = In|In x|
: (7) J oo I

Mala tabulka neurcitych integrala (libovolny vyraz tvaru f(x) zaméiite za 1)

(az +b)"*!

[mt1] /((L:lf +b)'de = pron# —1,a#0

a-(n+1)
| In |ax + b] o x b
t2 -y = —— lr = — — — Injax + 0] proa#0

[mt2] / ar +0 ! a / ar -+ b ! a a? ] B 7

' 1 1 2(Lz +b—D! -2 2 2a:x + 0
[l]lt?)] / e (i = = - y = carctg ————

J oax? +ba+c VD Zcu +0+ \/_a 20 + b -D vV=>D

a#0. D=1V - 4dac pro D >0 pro D =10 pro D < 0

‘ € Infax? +br ¢ b / 1

—_ —dx = —— | =z H10o @ 7 ()
[mt4] / ax® + ba + ¢ L 2a 2a ax? -+ by + ¢ . 7

k: T ”(“} " nof n—1 ku ST ‘ k) C}”:

[mt5] / e de = T % 2™ L a speaidlng eda = . pro k #£ 0

‘ “In" It
(mt6] [ W"zder=uw-In"x—-n- / " tadr . oa / da = pron # —1
. . . € n+1

AR n
k41 k+1

(mt7] /:17"‘ In" ade = : /;’l',?k’ " 'wde  prok # 1.
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TOPIC 9.A Indefinite Integrals

Basic concepts and properties

e A function [*(z) for which [7'(x) = f(x) for every 2 € (a.b) is said to be an
antiderivative of f(x) on an open interval (a.b). livery function which is continuous
on an open interval / has an antiderivative on /.

e The set of all antiderivatives of function f{) ou an open interval {a.b) is called the
indefinite integral of f(x) on the interval. Any two antiderivatives of function f(x) on
a given mterval differ only by some constant.

e [or an indefinite integral. we use the notation //‘(;,1?)(1;17 = ['{2) + C where the
differential di specifies that the variable is 7: (' is called the integration constant.
Methods of integration

(Finding the appropriate open intervals are left upto the reader; the integration constant
is omitted.)

/ f(2) + g(a)de = / J(a)da + / / Eeflo)de = k- / J(a)da

Flat +1
I[/f Jdv = F(a) 1hcn/fa/+ )d[‘—((ij_—))

(so called linear substitution).

: : 1 :
and further /;r'*]dzzr = / —dw =1Inl]e] on (=0, 0). (0. 40c).
. J o

, forany a # 0 and any b € R

W = et ——=dr =1 2.0 lr =
/ erdi= / (7) v =lulf(x)]. es J oot ™ T ) lux

Small Table of Indefinite Integrals (veplace any expression of the form () with 1)

(ax + b)n 't

[mt1] /(a:lt +b)"de = , forn#-1,a#0

a-(n+1)
Inlax 4 b T T b .
:L’afl—j—i /a;rikbdiizégj Infax + b, for a#0
[mt3] / —1 1 1 In 2ax + b= VD =2 ud\nzm il
—_— dr — —— - (11 — e - <
m ax? + ba + ¢ VD Qa1 + b+ D 204 + b \/~ v—D
a0, D=0 —4dac for D >0 for D=0 for D <0
: € ln I(/,:)"Q + b + ¢ 1) / 1 i
—dz = - for a # 0
[mtd] / ax? + by + ¢ e 2a 2a P or @ 7
T ok? n . . o e:li‘,.‘(? i
[mt5] / e = — ; / 2 M A and especially / e = o for k #£0
n4l .
n—1 1l £ L 1
[mt6] /ln” rde =ua / In""*aedr . and / (11 for n # —1
n 41
. 2R In™ n e e . ,
[mt7] / A" rde = © T +T e / a¥ I ede for k# 1
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RESENE PRIKLADY

Piiklad 1. Ukazte. 7c funkce F'(x) = 2zeV™ + ¢ jo primitivnf k funkci ) =eV™(24 V7))

a zjistéte na jakych intervalech.

Reseni. F'(x) = {2{1'6\/;" + 62}/ =2 {;’1;’9‘/5 + @ (e\ﬁﬂl + (e2>/ =eVH(2 4 Va) = f(x).
Derivace funguje na (0, +o00).

Priklad 2. Najdéte jednoduché integraly:
s o e 10
(a) f(62* + 22 +4) du (h) [(sing + cosq) dg (¢) / ("g 2 — ?5> dt

Resent.

() J(Ga?+20+4)de =0 [a?dr+2 [vdet [ddr =6 '—; + 20 oy = 2 4t Ay 4 O
na (—oo, +oc).

(b) J(sing 4 cosq)dg = — cosq +sing + C' na (—oc. +oo) (vhodnutim).

#n {1

(¢) Uzijeme dvakrdt vzoree [ " dt = T
2
o 10 "2 L t3ti R VP (VR
/ <\"‘/f2d/, - ~;> dt = / - 10/ At =5 10 N
: 2 : : 5+ 1 -2+1 5 l
na (—oc,0) U (0, +00).
:172 —3 , L .
Priklad 3. Funkce y = — ma funked primitivitl na 3 otevienych intervalech.
— b +

Najdcte je.

Reseni. Funkee je spojitd na svém definicnim oboru a proto ma na nén funkel primitivol.
Abychom nash definieni obor. musime gjistit. kdy je jimenovatel zlomku rizny od nuly.
fesime 22 — 32+ 6 = 0. coz déva 21 = 2. 2y = 3.

Primitivni funkee existuje na intervalech (—oc. 2), (2.3), a (3. +00).

Priklad 4. Uzijte Linearni substituci. vzorec pro | 7‘ 2 (1. ancho tabulku int egrali. a také

proved te zkoudky spravnosti.

C 3pIT et , o +o Vo2 e
(a) [eP T dp (b) / pra ds (¢) Ry v e (d) | vve d
Reseni.  (a) Vime, ze [e®dr = e" + (' a wzil] substituce 2 = 3p + 7 déva
e dp = @4 O ona (=00, +00). Zkouska: i 3';“ + (' = La] 3= P
(b) Je-li f(s) =e*+1, pak - (fl(f) e’. a uzijemne [ f};/((:')) =In|f(s)] a |e*+ 1] =¢"+ 1.
Jwmds=I(e*+1)+C on (—o0, +00).  Zkouska: Ln(es+1)+C) = wyet = (1:\71'
(¢) Postupné uzijeme [mt3] a [mtd], kdea = 1,b= —4,¢c=3, D=4> 0,V =2
r+D ‘ T ‘ 1 Infx® —da +3
/J:i—md;c = /—‘.——1—((1(1; +5 / ] N | |+
Joa? —4dx+3 Joa?—de 43 Joa? —4da+3 2
‘ 1 ‘ 1 In[0? — 4 + 3 1
——da + 5 / ‘‘ — lr = 7 ———dr =
+2./ 2 — da + 3 * ') 2 a3 2 2 dr i3
.2 A ¢ o o 2y ] lrd
_ In|z? — 40 + 3| Z ‘21 =2 In o — 4o + 3 N ihl‘——’ Lo
2 2 2 — 4+ 24 2 2 e —1
na (—oc, 1) U (1,3) U (3. +oc). Zkousku u (¢) a (d) provedte sami.
(d) Opakujeme uziti [mth]: nejdifve je n = 2,k = 7: také polozime 2¥ = 1.
[ate™de = ”’2;’71. —2fa2te™da = 7—2#7; — ; {% - % [ ale™d 1} = e’ (le — % —+ ;%3) + .



SAMPLE EXERCISES

Example 1. Show that the function J7(2) = 2reV® 4 2 is an antiderivative of the function

J(x) = eY"(2+ /) and find out on what intervals.

Solution.  F'(z) = {251’16\/{: + ez}’ =2 {1 eV g ( fﬂ/ + ((12)/ =cVH2 4+ Vo) = Sfla).
The differentiation works on (0, +00).

Example 2. Find simple integrals:

(a) [(62* + 20+ 4) du (b) [(sing + cosq) dg (c) / <\7/—2 — L())) d/

Solution.

(a) J(6x*+2r+4)dr =6 [22de 42 rda+ [4dr =6 17; +2- i; +dor =20 Fat e de O
on (—oc, +00).

(b) [(sing -+ cosq)dg =~ cosq + %in g+ C on (—o>c, +00) (by guessing).

(¢) We use the formula [ " dl = " 1wice.

- 10 oy - (511 [~ 3.~ 10
Fﬂ*f>U:/N—N//ﬂh:~w~H)“—ﬁ—fwtk—+ﬂ
f(VPu—)d= JrT T A —2+1 5 /

on (—o0,0) U (0, 400c).

5
. e — 3
Example 3. Function y = 5 —— has an antiderivative on 3 open intervals. Find them.
@? — ba
Solution. The function is continuous on its domain and therefore it has an antiderivative

on the whole domain. To get the domain we must find out when the denominator of the
fraction is different from zero, Le. we solve 2% — 51 + 6 = 0 which gives 2 = 2. 47y = 3.
An antiderivative exists on the intervals (—oc, 2), (2,3), and (3, +oc).

Example 4. Use a lincar substitution, the formula for [ L 3) ds, or the table of integrals,
and also check your results.

(a) [P Tdp (b) / \9; — (s (¢) v~1~-j;)~—— dar () /:zrz(ﬂ?”'(l(z"

of 41 ~dx -+ 3
Solution. (a) We know that [e*dw =" + and lh(“ use of substitution » = 3p + 7 gives
21T 04T - 3 )
fetTdy = —5-1—-- + C on (=, +00). Check: ‘—]g -4+ = ': 3= el

(b) If f(s) =e*+1 then 5;’;?:) = ¢, and we use [ ff((::) ds =1In[f(s)] and |e*+1] =¢¥ + 1.

(e*+1) +Con (=o0.4+00).  Check: £ (In(e*+1) + ) = (,.s-,:,l e’ = (\_j‘il.

(¢) We gradually use mt3] and [mt4] where a = 1,b = —4.c =3, D=4 > 0,v/D = 2.

45 : x 1 In |22 — 4o + 3|
el = /--—~4 +5 / lr = +
/.7:2—4:1:+3 : 72~41+3m J x?— rz:+3u 2

o 1 | _ / 1 . In|2? — 4z -+ L7 / 1 |
- r : r — e . —— (| =
' ./;1:2—4:'z'+i%(1+0 2 — 4y +3( 2 Joa?t—dy +3
|e? —da+3] 7, |20-4-2 Infa? —dw+3] 7 |uo—
= - — 1 == — 1 e JF (j
5 R 2 MR

on (—oc, 1) U (1,3) U (3. +4oc). Check the results of (¢) and (d) by vourself.
(d) We repeat using of [uth]; first. there 1s n = 2.k = 7; also we put 2 = 1.

D207 Qg — 22CTT 2y LT e 2eTT 2 e L 00T ] o (22 2 ’
[ate™da = 2 Jate™da = - 7 7/ e dul = ¢ - o+ “{ + .




ULOHY K RESENT

Uloha 9.A.1. Pro kazdou funkei /1 az f5 nalevo vyberte joji primitivid funkei mezi funlcemi
Iy az Fy napravo.

file) =1+ () — o
Jo(w) = % Fy(ar) = In(22) + 2
f;(x):%er(2+g;) Fy(x) = a2e
Ja(m) = 2ze” Fu(r) — In(s?)
) =~ Fufe) = 2o

Uloha 9.A.2. Najdete jednoduché integraly (také udejte vhodnd intervaly).

(a) /(3 —p)dp (h) / costdl (¢) / 11dz

(d) /(S2 +Vs)ds (¢) / <LO + 22) dq () | Tl: din

¢ g

Uloha 9.A.3. Pro kaZdou z funkel g7 az gs najdéte viechny maximaluf oteviené intervaly,

na nichz ma tato funkce funkel primitivui. Tyto funkee nehledejte.

2 1
gi(x)=1+Inz go() = ——— gs(x) = —
e —1 e’
! : In(1 1
Hx)=+v1—u gilav) = — — ——— gsla) = In(l + 2) dx
g4(7) gslt) == oo o) =I(l+a)
Uloha 9.A .4. UZijte linedrni substituci nebo vzorec pro [ ff/((l’—)) da.

(a) / sin(3a — 2) da (h) /'(2/ — 7)Yt (c) / L(l\—t duw

20— 113 | | 1
DR A= ' da ) [T apd f ‘/ d
(d) / a®—113a + 2 da (e) / pev (£) J (g+1)-In(qg+1) ¢

Uloha 9.A.5. Uzijte tabulku integrali na

' : i+ o
(a) / T e (h) / —:_ 1—(1’5 (c) / I rdr

224+ 3

: : 10 - 2u—1
. —0.5p o . — \ —_ dux
() / pe dp (e) / s24+254+1 s (0 / 72510+ 6 !

. _ o i . 1 3 €T
(2) / 226" dz (h) / V2s — 11ds (i) / —ifl e

€z
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PROBLEMS TO SOLVE

Exercise 9.A.1. For cach [inction [, to [5 on the left choose its antiderivative among the
functions £ to F5 on the right.

Al =1+ Fir) = o*

Jolw) = % Fy(z) = In(22) + 2
fola) = 2" (2 Fy() = %"

falw) = 26" Fy(x) = In(+?)
fola) = Fo(e) = o

Exercise 9.A.2. Find simple integrals (also give the appropriate intervals).

(a) /(5 —p)dp (b) / costdt (¢) / 11dz

(d) ./‘(‘5’2 +V/s)ds (e) / <1(]0 n '(2]8) dg 0 / \5/%

dm

Exercise 9.A.3. For every function g; o g¢ find all the maximal intervals on which the
function has an antiderivative. Don't try to find the antiderivatives.

2 1
gi(a)=1+z 92(7) = — ga(r) = =
e — 1 e
- 1 2 ,
gu() = V1 —a gs() = = — gsla) = (1 +x)da
‘ T wt Aol 6
Exercise 9.A.4. Use a linear substitution or the formula for | %f} da.

(a) / sin(3x — 2) du (h) ,/.(2/ —T)"dt (¢) / CPL e

S

o 2a-113 S e : 1
i ) [T =apd oy |
(d)' 7 1l3a 2 (() f pdp ( ) ((]+1)~ln(q+1)(q

Exercise 9.A.5. Use the table ol integrals

(a)/ T e (b) Ll dt (c) / In® r dr

20+ 3 J o2+l
' . : 10 2 —1
pry 08D 3 ) —ds f — 1
(d) / Pe dp (e) / s2 425 +1 ’ (t) J a4+ 5x+6 !

9 . 1 3Lf
(g) /320‘)3 dz (h) /,mds (1)/ 1 Ida;

r



Minitest MT9.A

L. V kolika pripadech je F'{a) primitivaf funked k f(r) na néjakém otevieném intervalu?
flr) = —e", F(z)=e™" ‘ fla)=—cosax+ 1, F(r)=ux~1+snux
1 vh2 fla) =52t +2. Flo) =" + 20 +2
= F == =
/) (4 1)? (i) r+1
(A) O (B) 1 (C) 2 (D) 3 (E) 4
2. R

V MAPLE je proveden pifkaz  int(2/(t°2 + 2),t); . Uzijte tabulku integralu
k nalezeni spravného vyslodku,

(A) ln'ﬂz'Jr(' (B)an[HLQIJrC (C) 1111%%‘+C 2111” t

(E) zadny 7 nabidnutych vysledka nent spravny.

3. -1
Najdete vsechny maximalni oteviené intervaly, na nichz md funkce y = —— - funkci
43

primitivui.
(A) (=n.3), (3. +00) (B) (= =3), (=3 4x)
(C) (—oc.=3), (=3.1). (1,+x) (D) (=00, =1). (—1,3). (3. +00)

(E) jiné odpmwad’.

4. .
Uziite tabulku integrala k nalezeni h(s) = [ s*1n° sds.
J g

Nyni ve funkdi h(s) polozte integracni konstantu €' rovnu 0. Pak hodnota h(1) je

1 1 1 1
(A) D) (B) % (C) 3 (D) 1 (E) nenf zadnd z uvedenych.
5 In® v , o, y
Funkce y = + & je primitival funkel k
7o' In® v 9l x In r
(A)y=— (B)y= (C)y=—— (D) y=—
o [ 1
(E) zéddué z uvedenych.
6.

Najdéte du. Vysledel je

\fz

3/ 2
W Yo B Zic
9

3 ; , ; )
Vi (@) Jm+C (D)3VarC (B 6YusC

" Robert il /fl(fl’)l In|f(2)] k urcent / ! da
obert uzil vzorec —>dw =1In|f(2)] kurceni ,
J T ) ovE D
To zmamend, ze funkce f(x) byla

(A) [x) = Vi (B) fle)=2ya (C) fx) =i+l (D) f(x)=2Vi1
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Minitest MT9.A

In how many cases is [7(x) an antiderivative of f(z) on some open interval?

fle)=—e* F(x)=e¢" ’ flo)=—cosa+ 1. F(r)=a—1+sinax
I 1 SN jj flay =52t 42, Fx)= 2" +2r+2
f(l) - (,1, + 1)27 }(‘[) - q “i 1
(A) 0 (B) 1 (C) 2 (D)3 (E) 4.
2. In MAPLLE, the command  int(2/(+°2 + 2),t); is executed. Use the table of
integrals to find the correct result.
(A) Il 40 (B) 2|0 (©) o (D) 2In |t 4 ¢
(E) none of the above is the correct result.
3. 1
Find all the maximum open intervals on which the (unction y = ~~—3 has an anti-
derivative. t
(A) (=, 3). (3,+400) (B) (—~,=3), (—3.+)
(C) (—o0.=3). (-3.1), (L+o0) (D) (=~ —1). (~1.3). (3.+00)
(E) none of the the above is correct.
4, .
Use the table of integrals to find Ni{s) = / s*In? s ds.
Now, put in /i(s) the integration constant C' equal to 0. Then the value of h(1) is
(A B (€L (D)L () uoweof thea
— — — - none ol the above
32 16 8 1 oo o
5. X
The function y = ~ + 8 is an antiderivative of
7In' & ln ra 9ln’ x In’ «
(A)y= B)y=- C)y=—— D)y =—
(E) none of the above.
6. 9 ‘
Find / W(I{,{,. The result is
Ju 2 : o , R
C) ——=+0C D) 3vVu+C E) 6yu+C
= - © - (D) 33/ () 67/
" Robert used the formul / L) gy — 7)) to determine / ! d
obert used the formula —— o =In|f(x) to determine . T
I J(x) SV (2y3 4+ 1)

It means that the function of f(x) was

(A) [y =V (B) fle) =2 (C) Jx) = i+l (D) fla)=2/rt1




TEMA 9.B Ur¢ité integraly

Zakladni pojmy a vilastnosti
o Je-li F(z) primitivid funkee k f(2) na otevieném intervalu 7. pak pro libovolné
a.b € [ je (Newtonuv) urcity integral z [(a) od a do b ¢islo
b
/,/'(:z;)d;r = [ = F(b) = Fla),
it
J(x) .. .integrand, a.b...integracni meze. . ..dolnf mez. b, .. homi mez.
Poznamky
b
e Hodnota [ f(x)da nezdvisi na volbé primitivid funkee k f(x).

&)

b
e Jo-li f(x) spojitd na otevieném intervalu / a a,b € I, pak [ [(x)dr existuje.

a

o Jo-li ve vise uvedend definici b = +oo, pak [F(2)]% = 115171 {F(u) — Fa)}.

Analogicky jsou definovany i ostatul pripady tzv. nevlastnich integrali.
Aplikace urc¢itého integrdlu
(f(z), g(x) jsou funkee spojité na otevieném intervalu [, a,b € I, a J = (a. b))

e Obsah 4 oblasti mezi grafem funkce [(x) a osou @ na J:

b b
je-li f(x) > Omna J, pak A= [ f(a)de, je-li f{a) <0naJ, pak A=~ [ [(2)dr,

jsou-li hodnoty f(a) na J jak kladné tak zdporné. pak A sc podéitd po c¢astecl,
tj. J se rozdell na takové ¢asti, ze na kazd¢ z nich bud'to f(z) > 0 nebo f(x) < 0.

b
o Je-li f(z) < g{a)na J, pak [{f(x)— g(a)} de pocitd obsah A oblasti mezi grafy
funkel f(z) a g(a) na J.

e Necht nezdpornd funkee f(¢) je modelem vyjadiujicim rychilost zieny drovné néjaké

velichny (v intervalu /). Akumulované mnozstvi t¢to veliciny mezi £ = a a { = b je
e . b

vyjadieno jako [ [(1)dl.

e Stredni hodnota 7 funkce y = f(x) na intervalu J:
b

7= ,71” ) da

a

¢ Objem V rotacniho télesa tvorencho rotact oblasti pod kitvkou v = /() > 0 kolem

osy x na J:
. b 9
Vi=a- [{f(x)} due.
a
e Integralni kritérium konvergence: Necht funkce [(x) je nezdpornd na (1, +o00) C f;

o

7¢% N . 4 7 7 ’
najdeme L = [ f(x) dx a pak pro fadu L J(n) plati nasledwjict:
1 n=1
(1) LeR = > f(n) je konvergentni, (2) L =400 = > [(n) je divergentn.
n=1 nl




TOPIC 9.B Definite integrals

Basic concepts and properties
o If F'(x) is an antiderivative of f(x) on an open interval I then for anv a.b ¢ /
the (Newton’s) definite integral ol f(x) from a to b is the numbeor

| / J(x)da = [F()] = F(b) — F(a),

¢!

f(x) . .integrand, «a.b.. limits of integration. a.. lower lmit. b, .. upper limit.

Notes
b

e The value of | f(a)da does not depend on the antiderivative of f(a) chosen.

a

b
o If f(2) is continuous on an open interval I and a,b € [ then I J{)da exists.
.

[

e In the definition above, if b = +oo then [F'(2)]7™ = 111}1 AF(u) = F(a)}.

Analogously, the other cases of so called improper integrals are defined.

Aplications of The Delinite Integral
(J{z). g(x) are continuous [unctions on an open interval /, a, b € I, and J = (a, b))

e The area A of the region between the graph of f(x) and the u-axis on J:
b

[
il f(x) > 0o0n J, then A = | f(z)de, if f(2) <0ouJ, then A= — [ fa)da.

a
il the values of f{x) on J are both possitive and negative. then A is calulated by
parts. Le. ./ is divided nto parts so that on each of them either [() > 0 or [(x) < 0.

b
o If f(x) < g(x) on J, then [{f(2) — g(x)}da calculates the area A of the region

between the graphs of f(«) and g(x) on .J.

e Let a non-negative function [(£) be a model expressing the rate of change of some
quantity (in some time interval /). The acumulated amount of the quantity hetween
. b
t=aand = bis expressed by [/ f(1)dL.
e The average value 7 of a function y = [(2) over the interval J:
b

J=p [ flw) de

a

e The volume V' of the solid of revolution [ormed by revolving the region under the
curve y = [(x) > 0 about the x-axis on J:

b .
V=m-] {/(1)}2 dir.
@
e Integral test of convergence: Let function [(x) be non-negative on (1. 400) C /;

+o00 o
we ind L= [ f(z) dz and then for the series Z f(n) the following holds:
1

n=1
o0 o0
(1) Le R = Y [(n) is convergent, (2) L = +o0 = > f(n) is divergent.
n=1 nl




RESENE PRIKLADY

Piiklad 1. Urdete hodnotu / ‘——6——)(1'11,.
] u? 4+ bu+6
6

¢
u* +bu+6

4
Resent. /

Q. 4 A
m:(s.[ln utd } :cs( 0 4

]. P l - =061 = Ragp .
S 6 1 7 n 5> 61In 11 0.414

Uzili jsme tabulkovy integrél mt3] z Tématu 9.A. Vsledek plati na 3 otevienych intervalech,
tj. (=oc, =3), (—3.-2). (=2, 40c). Interval, kde integrujeme, (2,4) je ¢ésti jednoho z nich.

Priklad 2. Vypottéte obsaly oblasti shora omezend parabolou 1y = S(x) = da — 2% a zdola
parabolou y = g(z) = 2 — 2u.
Reseni.  Nacrtuste si obrazek a uvidite, ze potfebujeme soufadnice pruseciki dvou kiivek,
. fle)=g(x) - do—a® =220 — 2% ~6r=0 — a=0, b=23.

3 3 3 5 13
/{.f(Jf) —glx)}de = / {(4:7:—-1‘{:2) - <71:272:L‘)} da = / <6;7:~2;7;2> dr = [3:1:2~§;T,‘3J =0
0 0 0 ’ 0
Priklad 3. Najdéte objemn (v litrech) télesa ziskaného rotacf kolem osy - oblasti pod kffivkon
Y = % mezi v =1 ax =3, jestlize z je v dm.
Resend.

r/1N? ; _2 3 177 . )

V =7 / <—> dr = 7r/ 7 dr =7 [—.’IT } =7 {V—J =2.09 dm® = 2.09 litru.
. Tt
1 1

€
Priklad 4. Voda je cerpana do zdsobniku rychlosti (0.36v/1 + 0.4) galom/min (¢ je cas v

winutach po 9. hod. rano). Nolik galonu bude do zdsobulku nacerpéano v 1 hod. odpoledne?

Redent. Poditame akumulované mmozstvi vodly.,

240

: — 240 .
/ (0:36V7 +0.4) df = [0.24 Ve 4 0.41] ™ = 988.3 galomn.
0

Priklad 5. Na prazské burze cennych papiru byla trzuf cena p(a) wcité akeie v K¢ mo-
’, 9 - .. , .

delovdna vztahem p(a) = 1020 + (- %Y kde £ je ¢as méteny ve dnech od pocatku roku.

Udejte pramérnou cenu této akcie za prvnich 6 wmésici roku, tj. ¢ € (0. 180).

Resend, Nejdifve si najdeme primitival funkei k £ %% zitim (imt5] 7 tabulky integralu.
, ‘ [ - 0002 1 : ‘ [ . 0002t 1 ) 00-002¢
/. 0002t gy _ / (0002t 1y — _ Q00026 _ 0.002f —1).
/ 0.002  0.002. 0.002  0.00004 ().()()()04( )
Nyni vypoctene stiedni hodnotu.
| 180 oo 0.002¢ 180
D= 1020 4+ - e ) df = | 1020¢ 4 ————(0.002f — 1 = 1135 K¢,
" 1800 .0/ ( ) [ 0.00004 )L v
Lo e . S S
Priklad 6. Uzjte mtegralnd kritérinn ke zjisteni. zda rady A = Z — a B= Z NG
— n? N\
konverguji nebo diverguji. i =t
Resend.
oo o e 2,

e " +0¢ i . i
/ %dzz’: = [_ﬂl =3 = A konverguje; / ﬁd«f = [4\/{}1 =+o0 = [} diverguje.

1

30



SAMPLE EXERCISES

4
' 6
Example 1. Evaluate [ — —du.
J u?+5u+6
/ 2+ 474 6 4 15
, U 6 5
Solution. /_‘1—6{1 }:6<1~~1'—>— =2 =
olution » +ou+6( 1 50 Gl | 117 115 61n T 0.414.

We used table integral [mt3] from Topic 9.A. The result is correct on 3 open intervals, i. e,
(=00, =3). (=3.-2). (=2.+00). The interval of integration (2. 4) is a part of one of then.

Example 2. Calculate the area of a region houndod above by the parabola y = f(x) =
42 — 2% and below by the parabola i = gl) =% — 2,
Solution. Sketch a picture to see that we need the coordinates of two intersection points of
two curves, Le. f(x)=g(r) — do —a” =2? =20 — 202 62 =0 — =0, b=3

3 3 3 9 43

/ ‘U(’) - 9(:5)} da = / {(4:(:—-(1?2,) - (flf2—2:1:>} du = / <6:1;—2;z'2> da = {‘3:1'2—";;:1:3J =9

- , , : 0

0 0 0

Example 3. Find the volume (111 liters) of the solid of revolution obtained by revolving the
region under the hyperbola y = ; about the z-axis between r = 1 and 2 = 3. if 7 is in dm.

Solution.
i 1 2 ‘j 3 1 3 ]
V = 7T/ <A> dr = 77/ dr =7 [ 7"1} =7 {—ﬁl = 2.09 dm? = 2.09 liters.
. X | 1 il
Example 4. Water is pumped into a storage tank at a rate of (0.36v/7+0.4) gal /niin (¢ time
in min after 9 a.m.). How many gallons will have been puped into the tank at 1 p.m.?

Solution. We calculate the accumulated amount of water.
240

' - 1240
/ (0.86v7 + 0.4) ar = [0.24- Vi + 0.41] " = 988.3 gal,

0

Example 5. On the Prague Stock Exchange, the market price p(a) of a share in K¢ was
modelled by p(x) = 1020 + £ - % where ¢ is time in days from the begining of the year.
Give the average price of the s h(u(‘ in the first 6 months of the year, i.e. [ € (0. 180).

Solution. First. we find the antiderivative of - €99 yging [mt5] in the table of inteprals.
/)z‘,.e”“o”dy} _ Lt / L0002 g, L - L oo e (0.002—1).
: 0.002  0.002 d 0.002  0.00004 0.00004
Now we calculate the average value.

1 180 -~ L0.002¢ 180

D 1020 + (- di = 10201 0.0021 — 1 = 1135 Ke.

Po o000 / ) [ 500004 )L "
Example 6. Use the integral test to determine if the series 4 = Z ”—2 and B = Z 7
converge or diverge. =t =1
Solution.

| o0 ,) 3 o +00 9
/ Zda = {~~} =3 = Ais convergent; — 4\f} = 400 = [} is divergent.
4 @2 €l ‘ ] \ﬁ
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ULOHY K RESENI
Uloha 9.B.1. Urcete hodnoty wréitycl integrala (v\?sledky saokroulilete),

10 1 t

‘ . 1
a 1 —In?z) da I /%“ e /\/ ! (d) /\2’*’
()/( n I)(L ())0 :172+5;E+()7 r+5dr (d J

Uloha 9.B.2. Najdéte obsah oblasti mezi grafem a osou x na J:

(a)y=e"" J=1(=3,1) () y=a*=5x+6. J=1(0,6)
(y=3 J={(12) (dy=5 J={(4-1
(e)y=24+sinz, J=/{(0,7) () y =sinx, J=(0,27)

Uloha 9.B.3. Najdete obsah oblasti (vyuzijte powmocné nacrtky).

(a) a? <y <1+ ‘3) (M) L+ <y<3.and 1< <5
(c) £ <y < Va, () r <y<1+32% . and =1 < <2

Uloha 9.B.4. Najdcte objem t¢lesa ziskancho rotaci kolem osy v oblasti pod krivkon
y = f(2) na J:

(a) y=-5, J=(1.3) (b) y=V2r-+3. J={10.11)
()y=1Inz, J={(1,2) (d) y =32, J=1{0,2)

Uloha 9.B.5. Poptavkovs funkee p(r) = 800—0.01vu? vatahuje cenu p(x) za kus k poptdv-
ce 2 (pocet kusu). UrCete priumcérnou cenu, jestliZe poptavka je mezi 400 a 500 kusi.

Uloha 9.B.6. O vyrobuim stroji, ktery je @ let stary, predpokladejme. Ze gvnem'(‘ prijmy
na virovii () = 5000 — 2042 dolaru roené pri ndkladech na trovii Cle) = 2000 -+ 1022
dolari rocne. Pouziti stroje je ziskové, dokud R(x) > C'(x), 1j. pro 0 < @ < 10. Jakv je
celkovy zisk vytvofeny strojem za toto obdobi? [HoDr. str. 383]

Uloha 9.B.7. Vyrobee mikropocitacovyely systému odhaduje, ze prodej jeho procuktun / let
od soucasnosti bude mit troven /1.2f + 10 tisic jeduotek rorme. Kolik prodanycl jeduotek
je ocekdvano za piistich 10 let, tj. 0 < < 107 [Bud, str. 924]

Uloha 9.B.8. Firma odhaduje, jak jeji visk po urcité odbobi bude ovlivnen naklady na
reklamu v televizi. Funkce vyja(hupu tento vetall je Pe) = 4220774 kde 2 jsou vydaje
na televizul reklamu (v mil. EUR) a 17(x) je zisk (v mil. EUR). Jaky prumérny zisk mohou
otekdvat, jestlize plamyi 0.5 <z < 1.57 [Bud, str. 819]

Uloha 9.B.9. Stat predpokladd, Ze ndklady na kompenzaci nezameéstnanosti az uplyne ¢
let od soucasnosti budou mit droven 5¢%%* mil. dolart rofné. Vypoctéte celkové néklady na
kompenzaci nezaméstnanosti za pristich 5 let (0 < ¢ < 5). Jak dlouho od soucasnosti bude
trvat. nez tato siumna dosdhine 200 milionn dolarn? [Bud, str. 924]

Uloha 9.B.10. Testujte konvergenci danych rad dvéma zpusoby a sice pomocl odniocni-
novcho kyitéria v pripadecl (a), (b) (nebo podilového kritéria v pripadech (o). (d)) a kritéria

integralniho.

=, | =15 (©) = 3 () o n
a e ) - C U ( ; .
(a) 7; " (b) = nt ‘ nt 4 2n 42 it 2n 41
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PROBLEMS TO SOLVE

Exercise 9.B.1. Evaluate the definite integrals (round your results).
10 L ) 2 t
(a) / (1 —1n® ;1:) du (b) /—f—,——dq: () / Va4 5 de (d) /(—)2”’ Sl

2+ 52 +6 .
1 i 9 A

Exercise 9.B.2. Find the area of the region between the graph and the 2-axis on J:

(a) y=e J=(=31) (b)y=2a® =32 +6,  J=(0,06)
(@y=1 J=(.2) (dy=1. J=(-4-1
() y=2+sine, J={(0.7) (£) y =sinu.  J =(0.27)

Exercise 9.B.3. Tind the area of the region (use helper sketches).

(a) a2 <y <1+ %) byt <y<3,and 1<2 <5
(¢) 5 <y <o, () <y <1432 and —1 < r <2

Exercise 9.B.4. Find the volume of the solid of revolution formed by revolving the region
under the curve y = f(x) about the z-axis on J:

‘)
(a) y = =5, = (1, 3) (D) y =20 +3. J=/(10,11)
()y=Inz, J={(1,2) (d)y=3x, J=1{0,2)

Exercise 9.B.5. The demand function p(z) = 800 — 0.01v/a? relates the price p(z) per
item to the demand x (number of items). Determine thc average price if the number of items
demanded is between 400 and 500.

Exercise 9.B.6. Suppose when it is 2 years old, an industrial machine generates revenue
at the rate of R(z) = 5,000 — 202” dollars per vear and results in costs that accumulate at
the rate of C'(2) = 2,000+ 102* dollars per year. The use of the machine is profitable as long
as f(w) > C'(w), i e for 0 < o < 10. What are the net earnings generated by the machine
during this period of time? [HoBr, pg. 383]

Exercise 9.B.7. A microcomputer manufacturer estimates that sales of its microcomputer
systems will be at the rate of \/1.2¢ + 10 thousand units per vear ( years [rom now. What
arc total sales expected to be over the next 10 years, i.c. 0 < ¢ < 107 Bud, pe. 924]

Exercise 9.B.8. A [inn estimates that its profit for some time period is a hunction of the
advertising expenditures for TV. The lunction expressing this retionship is £(x) = 42420704
where x equals the amount spent on TV advertising (in mil. EUR), and P(x) the profit (in
mil. EUR). What average profit can they expect if they plan 0.5 < 2 < 1.57 [Bud, pg. 819

Exercise 9.B.9. A state has projected that the cost of unemployvment compensation will be
at a rate ol 5¢"%" million dollars per vear # years [rom now. Compute total unemployment
compensation aver the next 5 vears. (0 < ¢ < 5). How long does it be until total benefits
paid out equal $200 million? [Bud, pg. 924]

Exercise 9.B.10. Test the convergence of given series by means of both the root test in
case (a), (h) (or the ratio test in case (¢), (d)) and the integral test.

e ‘ > 15 o 3 s n
—on U ~_ Y ~
(2) D )Y OF sy Y i

n=1 n=1 n=1



Minitest MT9.B

1.

2
‘ 1
Urcete / <1 =+ j> dr a zaokrouhlete na 1 desetinné mnisto.
4 X
(A) 1.5 (B) 1.6 (C) 1.7 (D) 1.8 (E) 1.9.
2. Najdeéte vysledek provedent nésledujicich pitkazu v MAPLE:
f:=x => 2%x: int(f (x),x = int(£(x),x=0..1)..int (f(x),x=2..3));
(A) 4 (B) 14 (C) 24 (D) 40 (E) 48
3. Vypoctete objewn rotacniho télesa tvorendho rotaci oblasti pod kiivkou y = In x kolem
osy @ mezi v =1 aw = 500 (v je v am). Zaokrouhlete vysledek na nejblizgf litr.
(A) 41 (B) 441 (C) 4431 (D) 44281 (E) jiny vysledek.
4. Vypoctéte obsah oblasti omezend shora parabolou y = 5—12 a zdola pifimkou y=1.
(A) ¢ (B) 5 (C) % (D) & (E) jiny vysladek.
5. V roce 1991 ¢inilo mmozstvi ropy spotiebovand v urcité ¢asti USA 5.4 miliard barehi
rocne. Poptavka po rope varustala. Fankee popisujicl rocnf rust drovad spoticeby ¢(/)
v case 1 je c(t) = 5.4¢" kde { jo mareno v letech: ¢ = 0 odpovidd 1. leduu 1991: a
¢(l) je méfeno v miliarddch barelit rotmé. Polkud hude poptéavka po ropé rust podle
tohoto modelu, jaka spotfeba ropy se ocekava ve 20-ti letémn obdobi od 1. ledna 1991
do 1. ledna 20117 [Bud, str. 924] (Zaokrouhlete na nejblizél miliardu barelq. )
(A) 342 (B) 343 (C) 344 (D) 345 (E) jiny vysledcek.
6. <17 <3
Necht A je fada ——————— anecht B je fada —
J ”Z::l n? +6n+9 & ”Z::] 2n + 3
Jestlize nzijeme na ob¢ fady A a B integralut kritérium, dostaneimce vysledek
(A) A je konvergentni A B je konvergentni (B) A je konvergentni A B je divergentni
(C) A4 je divergentni A B je konvergentui (D) A je divergentni A B je divergentn.
£ V fetézel supermarketn popisuje modelova poptavkovd funkee p(a) = 80— 2/x jak
cena p(w) v IX¢/kg paprik zdvisi na poptdvee v tundcl. Vypodtdte prinéruon ceun
za kg pro poptdvku mezi 60 a 70 tunami (zaokrouhlete na desitky haléiu).
(A) 5190 K¢ (B) 55.90 K¢ (C) 59.90 K¢ (D) 63.90 Ke  (E) jiny vysledek.
8. Porovnejte obsahy Ay, Ay a Ay (11 oblasti ezt eraly kel y = 0.322, v = 6.22sin
ay=2vx+1 aosoux na intervalu (0, 2m).
(A) Al < Ay < As (B) Ay < AL < Ay (C) Ao < A3 < Ay
(D) Ay < Az < Ay (E) nic z nabidnutych nenf spravig.
9.

Najdéte vysledek (zaokrouhleny na 2 desetinnd mista) provedeni pifkazu v MAPLE
int (x"2*exp(-x) ,x=2..infinity); .

(A) 135  (B)136  (C)137 (D)1338  (E)1.39
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Minitest MT9.B

1. 5
Determine / < > 1 and round to 1 decimal place.
1
(A) 1.5 (B) 1.6 (C) 1.7 (D) 1.8 (E) 1.9.
2. Find the result of executing. in MAPLE, the following commands:
f:=x > 2%x: int(f(x),x = int(f(x),x=0..1)..int(f (x),x=2..3)) ;
(A) 4 (B) 14 (C) 24 (D) 40 (E) 48

3. Calculate the volume of the solid of revolution formed by revolving the region under
the curve y = Ina about the a-axis between z = 1 and = = 500 (« is in cm).
Round your result to the nearest liter.

(A) 41t (B) 44 1t (C) 443 1t (D) 4428 1t (E) none ol the above.

4. Calculate the area of a region bounded above by the parabola y =5 — 2% and below
by the line ¢ = 1.

(A) (B) § (C) (D) & (E) none ol the above.

o Iy 1991 the amount of oil used in particular region of the US was 5.4 billion barrels
per year. The demand for oil was growing. The function describing annual rate of
conswnption ¢(f) at time [ is (1) = 54" where [ is measured in vears; ( = 0
corresponds to January 1, 1991; and (/) is measured in billions of barrels per vear.
1 the demand for oil continues to grow at this rate, how much oil is expected to he
consumed in the 20-year period from January 1. 1991, to January 1, 20117
[Bud, pg. 924] (Round your result to the nearest billion of barrels.)

(A) 342 (B) 343 (C) 344 (D) 345 (E) none of the above.
" Let /A be tl Z o llet 3 be tt Z ’
e be the series ———— and le se the series
2+ 6n+9 = 2n43
If we apply the integral test on both series A and B, we will get the following result
(A) Ais convergent A B is convergent (B) A is convergent A B is divergent
(C) A is divergent A B is convergent (D) A is divergent A B is divergent.
£ In a chain of supermarkets a model demand [nmetion  p(a) = SO — 2y/7 describes
how the price p(a) in K¢ /kg of bell peppers depends on the demand 2 in tons. For
the demand between 60 and 70 tons. calculate the average price per kg (round to
tens of hellers).
(A) 51.90 K¢ (B) 55.90 K¢ (C) 59.90 K¢ (D) 63.90 K& (E) none of the above.

8. Compare the arcas A, A> and As of 3 regions between the graphs of the functions
y = 0327 y=0622sinw, and y = 2/x + 1 and the w-axis on the interval of (0, 27).
(A) Ay < Ay < Ay (B) Ay < /Ap < Ay (C) Ay < A3 < A
(D) A < Ay < Ay (E) none of the above is correct.

9.

Find the result (round to 2 decimal places) of executing, in MAPLE. the connmand
int (x"2%exp(~x) ,x=2..infinity);
(A) 1.35 (B) 1.36 (C) 1.37 (D) 1.38 (E) 1.39
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TEMA 10. Obycejné diferencidlni rovnice

Obycejna diferencialni rovnice je rovnice obsahujici nezndamon funkei. oby vkle 3. a jednu
nebo vice jejich derivaci. Také muze obsalhovat symbol nezdvisle proménné, napr. a.

Y. nezndma funkee y promcéuné v, 4. y = y(x)

rad & dif. rovaoice .. je Tad nejvysst derivace funkee ¢y v roviici

FeSeni . .. libovolud funkee y(a) spolu s otevienyin intervalemn /. na
nemsz se funkee na levé rovna funkei na pravé stranc rovnice

obecné fesent ... obsaliije & volitelnych konstant

partikuldrni Fesent . .. reseni splijicl pocateini podminku(y)

pocatecni podminka(y) ... maji vliv na vybér konstant v obecuén fesend

Poznamky

o V diferencidlni rovnici muzeime pouzivat jiné symboly nez y a .
. e . ., L AP - 9
o Nekdy se dif. rovnice zapisuji v tgv. diferencidlnim tvaru, napt. dy — 22 da = 0.

Reseni nékterych difl rovnic
Dif. rovnice tvaru y*) = f(2) (/ je lib. funkce, & > 1)

Uzijeme integrovani opakovancho k-krat. Vysledek ma k-tici volitelnyeh koustant

S, Ch .y € R Karcent hoduot C; potiehujeme & pocétecnich podinek.
Separovand dif. rovnice ma tvar ' = [(a) - h{y) (/. h libovolué funkee)
dy

L ) ) = 7&(%5 dy = Jla)de = / h(ly) dy = / Fla)de = G)+C) = Fla)+Ch

Polozime €' = C5 — €'y o mame Gy) = F'(x) + C, tzv. implicitné popsané resend.

Linedrni dif. rovnice 1. fadu 14 tvar v’ + j(z) -y =g(x) (f.¢ lib. funkce)

Neprve definujene integracnf faktor I{z) = ") kde F(2) je primit. funkce I J(x).
Obecné tesent bude v = ﬁi) J 1 {(w)-g(x) du.

Dra zvlastni pripady linedrnich dif. rovnic 1. fadu
¢ g(r) = 0 (homogemni linedrn{ dif. rovnice 1. Fédu tvaru ' + f(x) -y = 0):
obeené resent jo oy = C-e”F),
o [(x) =0b=konstanla #0 A g(x) =k = konslanta £ 0 (tj. v +b-y=FL):

obeend fesend je y = C o P 4 %

Homogenni linedrni dif. rovnice 2. fadu ay” + by’ +cy =0 (a£0.b.c € R)
Charakteristické rovnice jo a2’ + bz +c =0, piicemz D = b? — dac.
Obecné feSeni ma 2 volitelnd koustanty (/1. Cy a jelho tvar zavisi na D:

y = Ce®" + Che™" L jeli D >0, 20 = _bi‘ﬁ (2 razné redlnd kofeny).
y = C1e* 4+ Chue™ .. _]e—h D=0, z= ;—; (Jeden dvojnasobny realuy koren).
y =" (Cycosqr + Cosingr) ... jeli D <0, 2 5= 11’9%7— —==p i (2 komplex. kor.).

s qe . ’ . . < s o ~ . . . .
Nehomogenni linedrni dif. rovnice 2. Fadu ay” + by’ + cy = g(2), (970 je funkee)
Obecné Tesent je ¥ = Ypart + Yhom. KAC Ypare Je lib. partikuldmmi feseni a yy,,, je obecndé
resent prislusné homog. dif. rovnice (princip superpozice).

Specidlné, je-li g(x) polvnom, pak 1.+ lze najit téz ve tvaru polynomu.
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TOPIC 10. Ordinary differential equations (ODE’s)

An ODE is an equation involving an unknown function, usually denoted by y, and one
or more 1its derivatives. It can involve the symbol of the independent variable. c.g. a.

Yoo the wnknown function y of u. i.c. y = y(x)

order k of an ODE ... the highest derivative of y present in the equation

solution ... any function y(r) with an open interval J on which the left

side function of the equation equals the right side function

general solution ... mvolves & arbitrary constants

particular solution . . . the solution satislying initial condition(s)

mitial condition(s) . .. wtluence the sclection of constants in the general solution
Notes

e You can usc other symbols than y and x in an ODE.
e Sometimes ODLE’s are written in so called differential form, e.g. dy — 2% dr = 0.

Solving some ODE’s

The ODE of the form y*) = f(2) (f is any fuction, k > 1)

We apply integration repeated A-times. In the result, there are & arbitrary constants
Oy, 'y € R. We need k initial conditions to determine the values of .

The Separable ODE has a form ol 3’ = f(x) - h(y) (f.h are any functions)

I 1 ! P ] :
%/ = fle)-hly) = o) dy = f(ax)de = / o] dy = / Jle)de = Gly)+Cy = Fo)+Cy

Now, let €' = C — €y, and we have G(y) = F(x) + C, an implicitly given solution.

The First-Order Linear ODE has a form of ¢/ + [(a) -y = g(x) ([.y any functions)
First, deline the integrating factor I(x) = " with () an antiderivative of J ().
1 o
The general solution will be 3 = ﬁ—) / I{x)-g(x) dx.
T
Two special cases of the First-Order Lincar ODE
* g(x) = 0 (the homogencous Ist order linear differential equation ' + f(z) -y = 0):
the general solution is 3y = (' - ¢ 7,
o f(z) =b=constant #0 A g(x) =k = constanl #0 (ic. ¢ +b-y=k):
the general solution is y = €' e™0" + %

The Homogeneous 2nd-Order Linear ODE ay” + by’ +cy =0 (a#£0.b.c € R)

. . . . 9 . - 9 )
The characteristic equation is @z + bz + ¢ =0 with D = 1> — dac.
The general solution has 2 arbitrary constants €, Cy and its form depends on 1):

— Yoz Zax A - —_ 7]Ji\//__i 9 1, . N (1 . .
y = Ce® + (Che o AL D >0, 210 = 5= (2 distinct veal roots),
y=Ce® + Chae™ .. D=0, 2= i—? (a single repeated real root),
y =P (Creosqr + Cosingr) ... if D <0, 2, = :[—’i;(‘l/g“[) = p=£ qi (2 complex roots).

The Nonhomogeneous 2nd-Order Linear ODE ay” +by/ +cy = g(x), (970 a function)
The general solution 1S ¥ = Ypart + Ynom With ypee any particular solution and ., the
general solution of the associated homog. ODL (the principle of superposition).

Especially, if g(«) is a polynomial, then 1,4+ can also be found in a polynomial form.
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RESENE PRIKLADY
Priklad 1. Dokaite. ze y = 3e™ + 2 je feSenim diferencidlnf roviice 3" + 1y =2 — 24/,

—x

Resend. 3= — 3e™", y'=(y)'=3e"". Funkee na levé (L) a pravé strand (R) jsou
L=vy"+y=3e""+3e " +2=06e""+2, R=2-2y =2-2(=3e"") =2+ 6" = L.

Predlozena funkee je fesenim dané dif. rovnice (na intervalu (—oc, +00)).

Priklad 2. Pro dif. rovnoici 3" = 204" - ¢ najdete partikuldmi tesend sphijfof
(a) y(1) =3, y(2) =48, (b) (1) =3. ¥ (-1) =0
Resend, Nejdrive ziskdime obeené fesend pomoc! opakovandho integrovani:
y = [y'de = [(2027 + 6)dx = 2()% + 6 + ¢ = Hxt + 6 + ¢y,
y=[yde= [(Be*+ 6r+c))de = 57—)— -+ 6% + e b ey = a0 F 30 4 el oy
Obecné fesent je y = 2° + 302 + cpa + ¢y na (o0, +0c).
V obou pripadech vedou pocéatetni podininky na soustavu roviic o nezndmycell ¢, ¢o:
(a) 3=y()=1+3-12+¢ -1+ ca. 48 = y(2) :25+3~22+(71-2+(°2 -
(e = —1, 200+c=4 — ¢;=5.co=— 6. DPartikuldruf feSenf je y = 2° + 322 + 52 — 6.

() 3=y(1)=1"43-Prci 1o 0=y (1) =5 (~1f 16 (1) e
atee=—1, ;=1 — c=1.c=—2.  Partikuldruf feseni je y = 2" + 30 + 2 — 2.

Priklad 3. Reste (a) separovanou dif. r. y' = 33 Inz. (b) linedrni dif. r. ¢/+6zy = 0.
Resentd. (a) v/ =¢* Inx — (jj =y e — yIdy=Iede - [y 3dy=[Inerdr —

2 . . S
Yo =xlnx —a+c (inplicitni tvar). Explicitn{ tvar mize byt Y = i/-—lﬁjm :

(b) ¥ + 6y =0 — y=C" 3 (specidluf pifpad pro g(r)=0. [{r)=Cr. F(r)=3x%).

Piiklad 4. V tovarné json margindlni néklady 3(q — 4)? dolart na jednotku pii twrovni
vyroby ¢ jednotek. Jaké jsou néklady na produkei 14 jednotek. jsou-li fixni naklady 436 $7
Resend. Méme C'(q) = 3(qg — 4)%, C(0) = 436.  Nejdifve dostaneme obecné fesent:

Mg) =3(g—4) — Clg)={(qg—4)*+ M, M € R.  Nyni wijeme pocaterni podininku
k ziskdni partikuldrniho feseni: C'(0) =436 — 436 = (0 —4)* + M — A = 500.
Nékladova funkee jo C(g) = (g — 4)* + 300 a C(14) = (14 — 4)* + 500 = 1500 dolarw.

Priklad 5. Pii studiu nékterych trhu zahrmuji ekonomové do dif. rovnic i druhou derivaci
cenové funkee p(t) (¢ je ¢as), aby vystihli. zda je rychlost jejf zmény, tj. ¢/(£), rostouct nebo
klesajici. Predpoklddejme, ze nabidka S (supply) a poptdvka D (demand) spliuji roviice
S =3+02 -005 —p" a D=2+08 -00lp+p " aze p0)="75ap0) = —15.
Najdéte rovnovaznou cenu v ¢ase {. [BaZi, str. 584]
Reseni. Roviovézng cena v ¢ase ( je Tesenim rovnice S = /). tj.

3+020 —0.05p —p" =2+08) =0.0lp+p”" — 20" +0.6p +0.04p =1 (F).
(*) je nehomogenni lin. dif. rovniw 2. tadu. Nejditve fesime piislusnou rovnici homogenni:
20" +0.6p) +0.0dp =0 —  22*4+062+004=0, D=036-032=004 —
21 = —=0.1,29 = —=0.2. Obecné reseni je pron (1) = e + oo 2
Nynf se vratme k (*). Abychom dostali ppg,.(t), polozine ppa. (1) = M = konstania ve (*
nebot funkee na pravé stranc = 1 (jen konstanta): 2M”7 +0.6A" +0.04A] = 1 — M = 25.
(1) = Phom (1) + ppart (1) = c1e7 0 foge™2 4225, Zhiva urcit hodnoty ¢, ¢o:
p(O)=T5.9/(0) = =15 — 14c2+25 =75, =0.1c; = 0.2¢5 = —15 — ¢ = =50, 5 = 100.

(o : , “0.1t | 100e-0-2t
Funkee rovnovazné ceny je p(1) = —50e "1 4 100e "2 4 25,

)

38



SAMPLE EXERCISES
Example 1. Prove that y = 3e™ + 2 is a solution of the ODE y” 4+ ¢y = 2 — 2y/.
Solution. y'=—3e¢™", y/"=(y')'=3e"". The left-side (L) and the right-side (R) functions are

L=19y"+y=3e""+3e¢" 4 2 = G "42, R=2-2y =2—-2(=3e"") =2+ 6e™ = L.
The function is a solution of the ODE (on the interval (—oc. 4+00)).
Example 2. For the ODE 3" = 202° + 6 find the particular solution satisfying

(a) y(1) =3. y(2) = 48. (b) (1) =3. y(-1) =0.

Solution. We apply repeated integration to get the general solution first:
y' = [y de = [(202® + 6)da = 207" + G + ¢ = 537 + 6 + ¢,
y = [y'de= (5t + 6x+ c))de = ')L) + ()17) +opr 4 co = 2 + 307 + e 4 oy,
The general solution is v = 2" + 302 + 10 + 5 on (—~c. +00).
In both cases, the initial conditions lead to a system ol two equations in unknowns . ¢y
(a) B3=y()=1"4+3 124 14ec.  48=y(2)=24+3.224¢ 24 ¢y —

1ty = —1, 200t0=4 — 1=5,c3=—0. The particular solution is 7 = 2" + 322+ 5r —G.
by 3=y(l)=15+3 12+ ¢ 1+ co, 0=y (1) =5-(-D)*+6-(-1)+¢c; —
cptey=—1, ;=1 — ¢;=1,co= — 2.  The particular solution is 3y = 2° + 322 4+ 1 — 2.

Example 3. Solve (a) the separable ODE ¢ = ¢* Ina,  (b) the linear ODI ' +62y = 0.

Solution. (a)y =y* - Ina — % =y’ lne — y dy=Iaedy — [y 3dy= [Inwde —

—2 e
YO T — o e (o et [ An exnlicit form s = /=l
"5 =arlne — 2+ ¢ (an implicit form). An explicit form can be y = + \/2(,',’.]“7,7”;“) :

(b)) o +61y =0 — y=C ™% (aspecial case with g(a) =0. fla) =G, I'(a) = 327).

Example 4. At a ccrtain factory, the marginal cost is 3(g — 4)? dollars per unit when the
level of output is ¢ units. What is the cost of producing 14 units if the overhead is $4367
Solution. We have ('(¢) = 3(q — 4)%, (/(0) = 436.  First, we get the general solution:
M) =3(g—4)* — C(¢)=(qg—4)*+ M, M eR. Now. we nse the initial condition to
get the particular solution: C'(0) =436 — 436 = (0 — 4)* + M — A = 500.

The cost [unction is C'(q) = (g — 4)" + 500 and C(14) = (14 — 4)* + 500 = $1500.

Example 5. In studying certain markets, economists include the second derivative of the
price function p(t) (¢ is time) in the differential equation to reflex whether the rate of change
of the price, i.e. p/(1), is increasing or decreasing. Suppose that S (supply) and ) (demand)
satisly the equations S =34 0.2p" — 0.00p —p" and D =2+ 0.8y — 0.01p + p”, and that
p(0) = 75 and p'(0) = —15. Find the equilibrivm price at time {. [BaZi, pg. 584]

Solution. The equilibrium price at time ( is the solution of the equation S = D, i. e.
3402 =0.05p—p" =2+08 —0.01p+p" — 20" +0.6p +0.04p=1 (*).

(*) is a nonhomogeneous 2-nd order linear ODE. First, we solve its associated homogeneous
ODI: 20" + 060 + 0.04p = 0 — 2:2 1062 +0.04 = 0. D = 036-032 = 0.04 —
7= = 0.1. 2p= — 0.2. The general solution s ppe, (1) = eV 4 ege™ 02

Now, we go back to (*). To get ppu,+ (1) we siply put poe,.(t) = M = constant in (*) because
the right-side function = 1 (a constant only): 2A/" + 0.6 M’ + 0.04A/ =1 — A = 25.
(1) = Prom (D) + ppars (L) = cre™ P 4ee 0 425, 1t remains to determine the values of ¢1. ¢y
p(0)=75.7/(0) = =15 — ¢;+c2+25 =75, —0.1¢c; —0.2¢5 = =15 — ¢ = —=50. 5 = 100.
The equilibrium price function is p(t) = —50e " 4+ 100" 4 25
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ULOHY K RESENI
Uloha 10.1. Dény 2 dif. rovuice 7y : Y +2y =143y, m:y +y=2+2 aadve
funkce f1:y =2e"+ 1. [y y=uxe"+2. Mozt f1. f5 vyberte feseni pro rovnici r, nebo 7.

Uloha 10.2. Najdéte obecnd feseni zadanych dif. rovnic.

)y =wsinr. D)y =226 (Y e, @)y =
e
Uloha 10.3. Najdcte partikuldrni feseni danych dif. rovnic splitujici zadané pocdatecnd
podminky.
(a) v =a +5, y(2) =6, (b) o/ = xe”, y(0) = 10,
(c)y' =e" =2, y(0)=3. y(1) = e, (d)y" =Ine+2 y(1)=3. /(1) =4

Uloha 10.4. Reste separabilufl dif. rovnice (uved'te aspon implicitni Fegent).

)2 ,,. 2 .
, W o, w , wye ,
a)y = —, b)Yy = —, o)y = ——"—0, d) y = —.
(a) y ) (b} y e (c) y () y 7

Uloha 10.5. Reste linearnf dif. rovnice 1. a 2. fadu.

(a) ¥ +ay =0, (b) ¥ 2y =0, (¢) ' + 2y =,
(d) ¢ +e*y =0, (e) y +ysin®ax =0, (1) y' +y = e,

(g) y" — 4y’ +4y =0, (h) " — 2y =0, 1)y +y +y=0,
Dy +2 +y=u-3, (k)" —y=a"+1. )y + 3y = a+5.

Uloha 10.6. V urcitém supermarketu je cena p(a) za kure 3§ za kg Odhaduje se. ze
tydnt od nynejska cena poroste rychlosti /(@) = 3/ + 1 centfi za tvden. Kolik bude stat
kute za 8 tydun? [HoBr, str. 445]

Uloha 10.7. Soucasnd cena wréitého domu je 200000 EUR. Predpokladejme odhad, ze po
{ mesicich bude cona p(t) rust ryclilosti /(1) = 0.01p(¢) + 1000/ EUR meosicne. Kolik bude
diun stat za 9 mesicn? [HoBr, str. 453]  (NAVOD: uzijte metodu integracnilio falktoru)

Uloha 10.8. Vyrobcee sportoviich odévi udava. ze margindlui ndklady pri produkai @ kusa
wr¢itého kompletu jsou (v dolarech) 20—0.0152:. Jsou-li ndklady na virobu jednoho kompletu
25§, najdéte nakladovou funkei a pak nédklady na vyrobu 50-ti kompleta. [Swo. str. 191]

Uloha 10.9. V ckonomice sc nabidka a poptavka po urcité komodité ¢asto uvazuji jako
funkece nejen ceny p(t), ale i zmeény ceny p/(7). Rovnovaznd cena v ¢ase ¢ je fesenfin rovnice
S = D. Jestlize nabidka S a poptdvka D po uréité komodite spliuji rovnice S = 35— 2p-+3p/
a D =95—5p+2p, ajeli p(0) = 30. najdéte rovnovaznon cenu v Case (. [BaZi, str. 574]

Uloha 10.10. Je-li margindlul prijmova funkce pro nejaky produkt  R'(r) = = + % (a
R(0) = 0), najdéte prijmovon funkci a margindlul poptdavkovou funkei. [Swo, str. 191]
(NAVOD: R(2) = x - plz) — pla) = @ Pak margindlni poptivkovd funkce je p'(z).)

Uloha 10.11. Diferencialnf rovuice Y5y Ay = 8 jo typickd rovnice. kterd se vyskytuje

pii studiu kiivek uéent u pokusuyel krys v uréitych psvceliologickyell experimentech. Najdéte
partikuldmi Feseni sphiujicl y(0) = 1, ¢/(0) = 1. [BaZi, str. 584]
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PROBLEMS TO SOLVE

Exercise 10.1. Given two ODIFs 7y @ ¢/ +2y =143y, 7y ¢y +y=2+ 2y and {wo
functions fi: y=2e" +1, [o: y=uwxe"+2. From [, f, choosc a solution of 1, or of ry.
Exercise 10.2. Iind the general solutions for the given ODE’s

(a) v/ = wsina. (b) v = a? = 20 + 6. (c)y =e (d) " = a8

oL ’

Exercise 10.3. Find particular the solutions of the given ODE’s satisfying the given initial
conditions.

(a) y' =uw+5, y(2) =6, () i = we”, y(0) = 10,

(0) y" =e" =2, y(0) =3, y(1) = e, (d) y'=a+2 y(1) =3 y(1) =4

Exercise 10.4. Solve the separable ODE's (give at least some implicit form solutions).

2 e a2 3/
(a) y = i{; (b)) y' = 1;; (c)y = ;—:—1 ;/2 st () y' = \\Z
Exercise 10.5. Solve the first-order and the second-order Lnear ODE's.
(a) y' +ay =0, (b) v — 2y = 0. (¢)y +2y =1
(d) 9y + ¥y =0, (e) o/ +ysin®z = 0, )y +y=r¢",
(8) y" =4y + 1y = 0. (h) y" =2y =0, Dy +y +y=0.
Ny +2y +y=2-3, (k) y" —y=2a%+1, (M) v+ 3y =a+5.

Exercise 10.6. In a certain supermarket, the price p(x) of chicken is currently $3 per kg. It
is estimated that @ weeks from now the price will be increasing at the rate of p ( N=3Va+ 1
cents per week. How much will chicken cost 8 weeks from now? [HoBr, pg. 445]

Exercise 10.7. The price of a certain house is currently 200,000 EUR. Suppose it is
estimated that alter £ months. the price p(t) will be increasing at the rate p/(1) = 0.01p(t) +
1,000t EUR per month. How much will the house cost 9 months from now? [HoBr, pg. 453]
(HINT: use the integration factor method)

Exercise 10.8. A sportswear manufacturer determines that the marginal cost of producing
T warm-up sults is given in dollars by 20 — 0.015z. Il the cost of producing one suit is $25,
find the cost function and the cost of producing 50 suits. [Swo, pg. 191]

Exercise 10.9. In economics, the supply and the demand for a commodity can often je
considered as functions of both the price, p(f), and the rate of change of the price, p/(#).
The equilibrium price at time ¢ is the solution of the equation S = D. If the supply S
and the demand D for a certain commodity satisfy the equations S = 35 — 2p + 3p' and
D =95 —5p+2p', and if p(0) = 30, find the cquilibrium price at time (. [BaZi. pg. 574]

Exercise 10.10. If the marginal revenue [unction of o product is given by R'(2) = = + NG
(and R(0) =0) find the reveuue fun(‘tion and the marginal demand function. [Swo, pg. 191]

(HINT: R(x) =2 -ple) — pr)= B Then the the marginal demand function is p "))

Exercise 10.11. The differential equation " + 5y +4y = 8 is typical of the equations that
occur in the study of learning curves of rats in certain types ol psvchological experiments.
Find the particular solution satisfving y(0) =1, 4/(0) = 1. [BaZi, pg. H84]
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Minitest MT10

L. Kolik z nasledujicich 4 funkel ¢y =e ™. y =cosa. y=alne, y=1+u jsou
resenimi dif. rovnice yy” — y'y"” = 07
(A) 0 (B) 1 (C) 2 (D) 3 (E) 1.
2. 1
Najdéte obecné teseni dif. rovnice 3 = - :
- =2
| | = ~ lied- T ¥
(A) yzéln :HH+(/ (B) y:%ln‘;—l%‘+(7 (C) ]/z%ln l—l—%’+(
(D)y=3n Zﬁ‘ +C (E) 74dné z uvedenych to neni.
3. -
Resenfm ulohy v MAPLE
> dsolve ({diff(y(x),x) = sin(x) + 2*x, y(0) = 1}, y(x)); je
(A) y = cosu + a2 (B) y = cosw + 2+ 1 (C) y=—cosuw+ua?+1
(D) y = —cosa + a2+ 2 (E) neni zadné 7z uvedenych.
4. Cena produktu p(t) spliuje dif. rovnici p' = 10 — 0.5p. Je-li p(0) = 35, pak
(A) p(t) = 155435 (B) p(t) = 15”1435
(C) p(1) = 15791420 (D) p(t) = 15" +20.
2 Déna dif. rovnice y” = 2. Najdete 2 partikuldrnf feseni f| a f5 spliujici podminky:
pro fi je y(1) =4.y'(1) = 6. apro fz je y(1) =5, y'(1) = 3.
Pak je hodnota [1(2) — /2(2) rovna
(A) 1 (B) 2 (C) 3 (D) 4 (E) jiny vysledek.
6. A
Separovana dif. rovnice y' = —————— ma implicitn{ Feseni
' (cosy) - /a
(A) siny = 4y/x +C (B) —siny =4y/x +C (C) siny = 8/uw + (7
(D) —siny =8z + C (E) zadnd z uvedenych.
7. 9
Je-1Ii margindlni ndkladova funkce néjakého produktu V; (@ je pocet vyrobenych
O
jednotek) a jsou-li ndklady na vyrobu 8-mi jednotek 20 $. najdeéte ndklady na vyrobu
64 jednotek. [Swo, str. 191]
(A) 48 $ (B) 50 % (C) 528 (D) 54 $ (E) 56. %
8. Obeené Teseni dif. rovnice 2y” — 8y +8y =0 je
(A) y = Cre* 4 Che™™ (B) y = Ce¥ + Coe (C) y = C1e* + Chue®
(D) y = Cre* + Chae % (E) neni zadné z uvedenych.
9.

Ddaua uchomogenns dif. rovuice ¢ — ¢/ — 2y = 4z — 4.

Nejdiive vyberte z nasledujicich 4 funkel jedno jeji partikuldrnf fesent:
y=20+3 y=2-3 y=-20-3 y=-—2u+3.

Pak udcjte jeji obecné feseni.

(A) y = e + Che ™™ + 20 =3 (B) y=Cre " + Che" + 2 —~ 3.

(C)y=Cre® +Che ™ =20 +3 (D) y=Cle " + Che” — 2w+ 3
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Minitest MT10

L. How many of the following 4 [unctions y = e .y = cosu. y=alnr y=1+u
are solutions of yy" — /'y = 07
(A) 0 (B) 1 (C) 2 (D) 3 (E) 4.
2. 1
Find the gencral solution of the equation i = 5 5
a? = =2
(A)y=Fm=+C  B)y=1In[=+C  (C)y=1lm =
(D) y= éln ;?“f’ +C (E) none of the above
3 In MAPLE, the solution of
> dsolve({diff (y(x),x) = sin(x) + 2*x, y(0) = 1}, y(x)); s
(A) y =cosx + 22 (B) y=cosr+ 12+ 1 (C)y=—cosa+ 2>+ 1
(D) y=—cosa +a%+2 (E) noue of the above,
4. The price p(t) of a product satisfies the ODE 3/ = 10 — 0.5p. If p(0) = 35 then
(A) p(t) = 15e "5 435 (B) p(t) = 15”7435
(C) p(t) = 15e7 420 (D) p(t) = 15e™7*£20.
5 Given an ODE " = 2. Find 2 particular solutions f; and f, satisfving:
for i there is y(1) =4, 5/(1) = 6. and for [5 there is y(1) = 5. /(1) = 3.
Then the value of f1(2) — f2(2) equals
(A) 1 (B) 2 (C) 3 (D) 4 (E) none of the above.
6. 4
The separable ODE ¢ = -————— has an implicitly given solution
(cosy) - Vx
(A) siny =dy/x + C (B) —siny =4z +C (C) siny =8/a +C
(D) —siny =8+ C (E) nonc of the above.
7. 9
If the marginal cost function of a product is given by 7 (2 is the number of units
V&3
produced) and if the cost of producing 8 units is $20. find the cost of producing 64
units. [Swo, pg. 191]
(A) $48 (B) $50 (C) $52 (D) $54 (E) $ 56.
8 Tpe general solution of the equation 2y” — 8y’ + 8y = 0 is
(A) y = Cre?® + Che™ (B) y = O  (he® (C) y = Cie* + Cohae®®
(D) y = C1e*® + Chue (E) none of the above.
9.

Given a nonhomogenous equation 3" — 3/ — 2y = 42 — 4.

First, choose its particular solution [rom the following 4 functions:
y=2u+3, y=2u-3 y=-20-3 y=-2u+3

Then give the gencral solution of the ODE.

(A) y=C1e* + Che ™ + 20 -3 (B) y=Cie 2 +Che” + 20 — 3

(Cly=Cre* +Che™ =20 +3 (D) y=Cho 2 + Che" —2p + 3.
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TOPIC 11.A Funkce vice proménnych

X =[x, .. wy) bod v prostorn E,, vSech n-tic realnych ¢dsel
y=[(r1.... .2,) funkee n-proménnycly; def. obor D(f) je podimnoziua E,,
S = Jlay.. ... (n) hodnota fimkee [ v bode A = [ay.as.. ... a,leD(f)

Jo =" = % parcidalni derivace [uikee f podle 2;:

opét funkee 7 promennyceh
j'mi(A):f"”"(/—l):%(%l) loduota parcidlnf derivace v bodé A € D(f)

: 1 ) f> T : : ,
Jorw, = [ = %7 druhid derivace f podle ;;
opét funkee 7 promennych
( . fluilr, f)fz - TSy & R A ~+ N - = s,
S, = J0 = B on  Suisend derivace [: opét funkee n promémych
Hy = (hy) = Jaie, Hesscho matice funkce f; prvky jsou funkee n prom.
H(A) = Jorw, (A) Hesscho matice [unkce /v bode A € D(/f)
Poznamky

¢ Elementarn{ funkce vice proménnych jsou ddny vzorci ziskangmi kombinovdnim
operact scitani, odéftant, nasobeni. delend a skldddni aplikovantch na viechny promeénné
a funkel zakladnich — sin,  cos. In  atd.

o Kdy7z derivujeme podle a;. clidpeme ostatul @) jako konstantud,

e DParcidlni derivace vyssich rddu se sziskaji opakovdnin parcidlnilio derivovauni.

I AU ca 3 TUd marid merady 11 f . O 8 [df
Pro zmaceni pomoci "J7 se uziva opacué poradi, tj. [, = Gom = br <(A)m .
., . . . . e Y . . 92 52
V piipadé elementdrnich funkel nezélezi na poradi derivovani (naps. 2L =21 ).
dydr Oxdy

Aplikace parcidlnich derivaci prvniho rfddu
(Obvykle se pozaduje splueni dalsich podininek. napr. spojitost prvnfeh a dmbiyel derivact.)
Stacionarni bod A funkce f musi sphiovat n podininek:

JTA) =0 A f(A) =0 A oA (A =0
Totalni diferencial [unkce » promcnnych /v bode A = [ay... ., e

dfa = 7 A)dwy + S (A dug 44 S () da,
Pii uziti totalniho diferencidlu v bodé A = [ay.. .., a,] k aproximaci hodnoty funkce [
v X =la+ ", a2+ o, oooa, -+ by nahiradinie symboly day hoduotaini pifrustki b,
Vzorvec je  [(X) = [(A) + [ (A)-hy + [72( Ayl + oo+ [ (A) D,

Funkce dvou promennych z = [(x.y)
e Definicnt obor D(f) je podmmnoZina roviny ay se dvéma druby bodi: voitinimi a
hranicuimi; graf funkce [ je mnozina bodu [, y, f(2,y)], kde [z,y] € D(f) a je to
plocha v prostoru. Muze byt naértuuta v roviné pomoci geometrické projekee.
e Tecna rovina grafu [ v bodé A = la,b] € D([), tj. 2 = kyx + kay + q,
je ddna jako z — f(A) = [ (A)(x —a)+ [Y(A)(y — b).
e Staciondrnf bod A funkce [ sphiuje dvé podminky: f*(A) =0 A [7(A) = 0.
e / V/J;/’U . Bt "l” z rw :/,T/l
e Hesseho matice funkee z = f(x.y) jo Hy = [/ / } = [/7 J; “} = [ " ,/} ,

/./y/a: /'//'(/ (/',1/-'12 /'yy Zyr gy
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TOPIC 11.A Multivariate Functions

X = [y, g a point of the space E, of all n-tuples of real numbers
y=[(r1,. .. a,) an n-variable function; its domain D(f) is a subset of 1,
J(A) = f(a,l. e Q) the value of function [ at point A = [a, aq, ... Lan €D(f)
S, =] = (}T the partial derivative of function f with respect to x;;

again a function of n variables

,/i,,i(/ﬁ):,/""”(x’l):fl)—{i(A) the value of partial derivative at point A € D( /)

du;
wrs __ Of*? ) 1 o e e . S N i .
Jogay = J" =54 sccond order partial of J with respect to u@;;
' agaln a function of n variables
Jia;, = [ = Slwdf()—l the mixed partial of f; again a function of n variables
Hp = (hy) = faa, the Hesse matrix of [; its entries are n-variable functions
Hy(A) = foe, (A) the Hesse matrix of [ at point A € D(f)

Notes

¢ Elementary multivariate functions are given by formulas obtained by combining the
operations ol addition, subtraction, multiplication, division, and composition applied
on all the variables and the basic functions of  sin, cos. In  etc.

o When we differentiate with respect to a; we hold the other x;’s constant.

e The higher-order partials are obtained by repeated partial differentiation.

s EIpaS . : i LS 02 f ¢ 7 e
For the " & notation, the reverse order is used. that is f,, = £ Lo— 2 (LY I the case
Y Oydia Oy \ Ox
. . . Coyer - ()2 H2
of clementary fuctions, the order of differentiation does not matter (e. g. 2—7:: < ;L).
: dydx — Hxdy

Aplications of first-order partial derivatives (Sowe additional conditions are
usually required to be satisfied. e. g. the continuity of the Ist and the 2nd order partials.)
A stationary point A of [unction [ must satisfv n simultaneous conditions:

S =0 A A =0 A oA ST A =0
The total differential of n-variable [unction [ at point A = [ay.... . q,]:

dfa = [ (A)day + [ (A)dag + o S (A)day,

When using the total ditferential at point A = Jay. .. .. a,} to approximate the value of
fat X =lay+hi as+ho .. .. a, +h,| we replace the symbols of dz; with the increment
values h;. The formula is f(X) = f(A)+ A Iy 4+ [T (A) hy o+ [ (A By,

Functions of 2 variables = = f(x,y)
e The domain D(f) is a subset of the wy-planc with two kinds of points: the internal and
the boundary ones; the graph of [ is a set of points [z, y, [(x, y)], where [a,y] € D(f).
and it is a surface in space. It can be sketched in the plance using a geometric projection.
e The tangent plane of the graph of f at point A = [a.b] € D(f),i.e. z = kyw+kyy+q,
is given by =z — f(A) = f*(A)(x —a) + [Y(A)-(y — ).
e Stationary point A of [ satisfles two conditions: f"(A) =0 A [¥(A) = 0.

e phely P Zer  n
e The Hesse matrix of = = [(z,y)is Hy = { ;,W J/l,,J J = { jﬁ“ /,“'“ J = { wr o ry } '

yr

/ e 2
S Yy YT Yy




RESENE PRIKLADY
Priklad 1. Déna funkce 3 proménnych Fay, 2y, 23) = 27 + o/ +1In(2 — ay).
(a) Ukazte, ze A = [1.3.4] ¢ D(f) a B =[-1,1.4] € D(f).
(b) Vypoctete hodnoty prvnich parcidlnich derivaci funkee 17 v bode /3.
Resend. (a) Zkustime vypoditat hodnoty funkee v danych bodech:
F(A) = 1* +3V4 +1In(2 = 3) = . nemiveme pokracovat kvuli In(=1) = 1 ¢ D(f).
F(B)= (=1 +1VA+m2-1)=1+24+0=3 = Bc D).

. AN . .
(h) F't = (Jf‘) LS040 = 4ot F'y(B) =4(-1)* = —4.
F' =04 oy af? + (2= u)? = Sy — . Froop)y = i4 - 1o =1.
2—ua9 21y 2
fuy o ,.]/2 e _ €2 e _ L1
P =0 + 29 {1/3 ] =g Fr(p) = sl = L

PG | PG
. h)
dp Dgdp?

Priklad 2. Pro funkei  G(p.q) =p* + ¢*Inp vypoctéte (a)

Resend.

(a) GP = (p* + ¢ Inp)” = 4;)3+(12%, G = (G = (4pP g p YT = 12p2— g2
(PP = (GNP = (1207 — ¢ p )" = 2dp - 2¢7 - p B = 2dp 4 20

pvi

3 15 vy (CDID. oG NI (192 2 =2 ¢ =2 2¢
(b) Uz mdine G'PP; nyud Jaaz = G =(12p° — ¢ pH) = ~2q - p% = 2

Priklad 3. Pro funkei 2 promennyeh [z =4 4+ 3¢" (0 + %) a hod A = (0. 1] najdete

(a) rovnici tetnd roviny grafu v A a odhaducte f(0.3.0.99) pouzithn diferencidlu v A,

(b) staciondrul body [ a pak Hesscho matici pro kazdy z nich.

Reseni. (a) Prvnf derivace 2% = 0+ 3[e" (22 4 ) + " - 22] = 3e"(a? + y? + 2u).
2 =0+ 3" - 2y = 6%y, a ddle jejich hoduoty &y = 2/"(A) = 3. ky = 2¥(A) = 6.
Navic je hodnota z(A) =4 + 3e” - (0 +12) = 7.

Tetnd rovina: 2 —7=3(x —0) +6(y — 1), tj. » = 3x + 6y + 1.

Odhad: f(0.03,0.99) = f(A) + k1 - 03+ ks (—=0.01) =7+ 0.9 — 0.06 = 7.84.

(b) K nalezeni stacionarnichh bodu fesiine soustavu dvou rovnic: 2% = 0 A 27 = 0,
tj. 3e"(x® +y* +2x) = 0 A Gey = 0; protoze ¢ nend nikdy rovuo nule, wdme nakouec
322 +y* +22) =0 A 6y = 0. 7 druhé rovnice y = 0; po substituci do prynf rovnice mame
xp = 0,29 = =2, Existuji 2 staciondruf body Ay = [0.0], 4y = [-2,0].

Jor oy | TG (z)Y 3@ty da+2) Gye”

fy;r ,/‘;1/,1/ - (‘:/;z/’)/i’? (;/;z/>/lj - 6((/(‘,'/(" Ge .
fﬂ‘;z:(Al) f.’m (Al) 60 ] /11</12) /zz (12) —Ge 0

He(A)=1" il = |, He(A)= |7 A = -2 |-

f( l) [ fy;z;(f'11> /‘U;{/(A]) O () d f( 2) ‘/'.(/JI'(‘V/I._),) /r/l/(lj) O ()e 2
Priklad 4. F(e.y) = 1402 + 200y — da? + 22y — 12¢9% — 700 je ziskovd funkce malé
firmy vyrabéjicl surfovaci prkua (z je pocCet standardnich prken a y pocet soutéznich pr-
ken vyrabénych tydneé, P(ax,y) je tydenn! zisk v §). Najdcte F,.(15,10) a interpretujte.

Hesseho matice H;= {

Resend. Py(w,y) = 140 — 8 + 2y, 1%.(15, 10) = 40. Na tirovni produkee 15-ti standardnich
a 10-t1 soutéznich prken tydné zvysen! produkce standardnich prken o 1 a udrzeni produkce
soutezuich prken na 10 zpusobi vzrust zisku o piibling 40 $. [BaZi, str. 453]
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SAMPLE EXERCISES
Example 1. Given function of 3 variables F(xy, 19, 3) = 2] + o/ +In(2 — 25).
(a) Show that A = [1,3.4] ¢ D(f) and B =[-1.1,4] € D(f).
(b) Calculate the values of all first-order partial derivatives of function F a point 3.

Solution. (a) We try to calculate the values of the function at given points:

F(A) =1*+3vV4 + In(2 — 3) = . we can’t continue hecause of In(-1) = A ¢ D(f),
FB)=(-1)"+1Vi+In2-1)=142+0=3 = Bc D(/).
f . .
(b) e — <-'1le1> t 1040 = 4:1?‘1;, jacd (B) _ 4(71>3 - 4
/i ) 1 &) 1 /
F“'Z:()Jr\/ﬂ-;zr;‘“Jrz : '(2*12)“:\/ﬁ‘§“7 Fr2(B) = Vid - b =1
- U
T3 oo [, 172703 ot 2l — —
F _0+.1,2[J,3 ] 4--0727-?—? R

e | PG
e h) ——.
o Aqdp?

Example 2. For the function  G(p,q) =p* + ¢*Inp calculate (a)

Solution.
<a) Gv/p — (p4 + qz 111[))/7) — 4p.‘j+q‘2.l_l)5 (PP (Gv/p)/l’ — <4])3 ¥+ q2 .p——l)/i) — 12[)2*(12.[}—2‘

(e = (G’p’p)/p = (12p* — ¢*- [)’2)/17 = 24p + 2¢° - p S = 24p + 2})%)

- 93 i . . 5 _ oG . _ v
(b) We already have (V'P7; now, (.;{)I(,)i)g =G = (12p* — > p ) = =2 p % = —-7273.

Example 3. For a bivariate function [ @z =4+ 3¢"(2* + y%) and point A = 0. 1] find
(a) the tangent plane equation at A, and estimate [{0.3.0.99) nsing the differential at A,
(b) the stationary points of [, and then the Hesse matrix at each of then.

Solution. (a) The first-order derivatives 2™ = 04 3le"(a? + y?) + " - 2] = 3e™ (22 + 9 + 22),

Y =0+ 3e" - 2y = 6%y, and further their values ky = 2"(A) = 3, &y = 2/¥(A) = 6.

Moreover, the value of z(A4) =4 +3e" - (02 +1°) = 7.

The tangent plane: =z —7 =3(x —0) + 6(y — 1). ic. z =32+ 6y + 1.
The estimation:  f(0.03,0.99) = J(A) + k- 0.3+ ky - (=0.01) =7 +0.9 — 0.06 = 7.84.

(b) To find the stationary points we solve a system of 2 equations: 2 = 0 A 27 = (),

Le. 3e"(a? +y? +22) = 0 A 6%y = 0; because ¢ never equals zero, we finally have

3(* +y*+2z) =0 A Gy = 0. From the second equation y = 0: alter substitution into the

first one we have @y = 0,29 = —2. There are 2 stationary points A; = [0.0]. Ay = [-2, 0].
esso matrix Hoe | Ler Lo | [ T V) ] 3¢ (@t 4 2) Gyet

The Hesse matrix Hy= [fy:l‘ Fo | LGy Yy | T Gy Gor |

gy | Se(AYD) Loy (AY) ] 1600 AN Soa(AD) foy(A2) | | =672 0
”f‘“”‘[./;,,,..mb ,/;,yml)}{o 6} ”f“‘”“{/;,m(Aﬁ /;,mf)}‘{ 0 (J

Example 4. P(v,y) = 1402+ 200y — 42° + 22y — 12y — 700 is the profit function of a small
surfboard company (7 is the number of standard boards, and y the number of competition
boards produced weckly, P(x,y) is the weekly profit in $). Find £2,(15, 10) and interpret.
Solution. Pp(z,y) = 140 — 8z + 2y, F,(15.10) = 40. At a production level of 15 standard
and 10 competition boards per weck, increasing the production of standard boards by 1 and
holdig the production of competition boards fixed at 10 will increase the profit by approx.
$40. [BaZi, pg. 453]
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ULOHY K RESENT

Uloha 11.A.1. Urcete zda bod pati{ do definicnitho oboru funkce 3 proménnych - piste
"ANO" nebo "NE™ do policek.

| I 000 [[=1,-5100 [ .20 [ [211 [ [1,01] ]
Y = 20— 2oty — 1
y=In(ay +ay + a3)
y=a7 4, + Inwy
Uloha 11.A.2. Pro kazdou ze zadanych funkel udejte jeji Hesseho matici.
(a) z =% =5 (b) z=In(x—y). (¢) [luv.w) = uw’ + V20,

(d) z=a-ln(ay), (&) Jlu,v,w)=e" v (£) J(u, v, w) = cos(u—uvtuw).

- . ) o
Uloha 11.A.3. Pro F(p,q,7) = ¢° — = + pgr? vypoctéte hodnoty parcialnich derivact
q

tifetiho radu.

aa PF eancy
a) —(2.—-1.1). b) ——(1,-1,2). ) = —(—1,1.2).
(a) B (2.-1.1) (b) (9(/2()[)( 2) () 0(](.,)[)6)7,( )
Uloha 11.A 4. Udejte tecnou rovinu grafu funkee z = g(z,y) v bode A.
(a) z=u"49y° A=[-11], (b) z=Vo—y. A=110.1].
(¢) z=e", A=]0,1], (d) z=M(3x+2y). A=1[1,-1].

Uloha 11.A.5. Uzijte diferencidl funkce f v bodé A k aproximaci hodnoty f(X).
(a) f(a1.22) = 2 /as, A=1[51], X =[5.11,09],

:1:1;1721 A=[1.4,-1], X =[0.9.4.3,-1.02].

I3

(b) flar, @, 23) = Inay +

(¢) J{wy.we. wg,m4) = /21 + s lt - 9.1, —-1,4], X =[8.7.0.93, —1.02,4.012].
5

Uloha 11.A.6. Najdéte staciondrni body danych funkel. Pak pro kazdy z nich vvpodtéte
hodnotu determinantu Hesseho matice.

(a) f(p.q) = —p* +pqg— ¢* + Gp. (b)) z=2a" =30 +y° (¢) 2 =In(*+4> +1).
(d) fluv,w)=u*—v*tw+2ue—3v, (e) z = o (f) 2z = a* —=8ay+y” +u.

Uloha 11.A.7. V pifkladu 5 (predchosi strana) najdéete 12.(30. 10). I,(25,10). °,(25.15)
a mterpretujte.
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PROBLEMS TO SOLVE

Exercise 11.A.1. Determine whether a point belongs into the domain of the function of
3 variables - write "YI£S” or "NO” in the hoxes.

| |00 T-1-510 [ (.20 [ 201 [ [1L0.1] |
Y =20 — a9ty — 1 {

y=1In(z; + x9+ 13)

y=a7 +a;  + Inay

Exercise 11.A.2. For each ol the functions give its Hesse matrix.
(a) = =a* — ¢, (b) =z =In(r—y). () Slu,vow) = we® + V20,
(d) z=ua In(xy), (&) [luv,w) = et () fluv,w) = cos(u—uv+w).

2
Exercise 11.A.3. For I'(p,q.r) = ¢* — r + pgr? caleulate the values of third-order partials.
q

6)3 F ‘()3 F 6}3 F
Q) ——(2, 1. 1), b)Y = (1,-1,2), ;
(@) G211, ) G112 :

—1,1,2).
AqOpor 1:2)

Exercise 11.A.4. Give the tangent plane of the graph of fuuction = = g(x,y) at point A.

(a) z=a" 49 A=[-1,1], (b) z=+a—y, A=1]10,1].
(¢) z=¢c", A=1]01], (d) z=IBz+2y), A=, -1].

Exercise 11.A.5. Use differential ol [ at point A to approximate the value of f(X).
(a) fz1.a9) = ol \Jus, A=1[5.1]. X =[5.11.0.9],

FaRa)

(b) flag, a9, x3) = Inay + A =114, -1}, X =[0.9,4.3,-1.02],

Ty

€Ty + Xy

(c) flag,ag. g, 2y4) = /21 + A=1091.-1.4. X =[8.7,0.93,-1.02,4.012].

@3

Exercise 11.A.6. For the given functions, find their stationary points. Then, for each
stationary point, calculate the value of determinat of the Hesse matrix.

(&) [(p.q) = —p* +pg — * +6p, (D) 2= =3r 447, (¢) »=In(*+ 4>+ 1),
() [(u,v,w) =v*—v 4w’ F2ur—3u, (¢) z= @""2‘1”17 (1) =z = 2 —Say+y*+u.

Exercise 11.A.7. Iu LExample 5 (the previous page). ind 72.(30.10). 72,(25.10), /2,(25.15)
and interpret.
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Minitest MT11.A

Déna funkce [(x,y,z) = a® +y* + 222,
Porovnejte hodnoty /7= [(1,-1,0), Q= [(1.—1.1) a [t = (1.1, -1).

(A)P<Q<h B P<R<Q (C)R<Q<P (D)Q<R<P)

(E) zadny z uvedenych vztalhtt neni spravoy.

2.
Déno g(ay, 20) = 4/8 — 2t — 3. Kolik z bodu 4) = [-2,1], Ay = [—1.,3],
Ay =12, 1], Ay = [2, 2] patif do definicniho oboru funkee g?
(A) 0 (B) 1 (C) 2 (D) 3 (E) 4.
Ktery z udsledujicich bodu je staciondimi bod funkee z = (0 + 32)?
(A) [0, 1] (B) [0.1] (C) [1.0] (D) [~1,0] (E) zaduy.
4. 2
Déna funkee  [(eq.a9) = In(xry - 29). Najdéte hodnotu -;J—("-—(‘Z. 1).
Oy
(A) O (B)1 (C) —1 (D) 2 (E) -2
Do g - : 2 2k
Udejte rovuici tetné roviny grafu funkee z = —22 + 22 — 42 4+ 6y — 5
v bodée A =[2,0].
(A) z=20+6y—9 (B) == =22+ 0y — 1 (C) z =20 —06y 1
(D) z =2 -6y —9 (E) jiny vysledek.
6. UZijte diferencidl v bodé A = [8.1, —1] k aproximaci hodnoty
J(8.4.0.98. —1.11), je-h [(r.y.2) =2 -Iny+9- r—221
(A) 23.41 (B) 23.42 (C) 23.43 (D) 23.44 (E) jiny vysledek.
70 . . ) . [ 3 . ¢ 2 .
Determinant Hesseho matice funkce f(p,q) = p® — 3pqg + 2¢° je
(A) 24p—9 (B) 24p+9 (C) 24p (D)0 (E) jiny vysledek.
8.

Produktivita v jedné zemi tietilio svéta je ddna priblizuc funkel

[, y) = 10207y0% g vyuzitim « jednotek préace a y jeduotek kapitdlu.

Jestlize v soucasnosti tato zemée vyuzivd 600 jednotek prace a 80 jeduotek kapitdlu,
najdcte marginalni produktivitu kapitalu (zaokroulilete na I desetinné misto).

[BaZi, str. 469]

(A) 4.5 (B) 9.4 (C) 11.3 (D) 15.2 (E) jiny vysledek.




Minitest MT11.A

1. Given function f(z.y,2) = 22 + 3% + 222
Compare the values of 17 = [(1,=1.0). = f(1.-1.1), and 1 = [(1.1. —-1).
(A P<Q <R B)P<R<Q (C)R<@ <P (D) Q< i< P)
(E) none of the above is correct.
2. ‘ -
Given g(ay.a2) = /8 — 2 — 25, How many of points Ay = [=2.1]. Ay = [—1.3],
Ay =12, -1], Ay = [2.-2] belong to the domain of ¢?
(A) 0 (B) 1 (C) 2 (D) 3 (E) 4.
3. - . . S . - . . on
Which of the following points is a stationary point of function z = e + y*)?
(A) 0. -1] (B) [0, 1 (C) [1.0] (D) [~1.0] (E) none of the ahove.
1. 2/
Given function  [(1,.29) = In(y — #5). Find the value of ——— (2. 1).
dayduy
(A) 0 (B)1 (C) -1 (D) 2 (E) —2.
- Give the tangent planc equation of the graph of = = —u? 422 — 4* + 6y — 5
at point A = [2,0].
(A) 2 =20 +06y -9 (B) z= -2z +6y —1 (C) z = 20— 6y —1
(D) 2 =226y —9 (E) none of the above,
6. Use the total differential at A4 = [8,1. —1] to approximate the value
of f(84.098 —1.11) if flr.y.z)=2 Iny+9 Y -2z
(A) 2341 (B) 23.42 (C) 23.43 (D) 23.44 (E) none ol the above.
T The determinant of the Hesse matrix of function [(p.q) = p* — 3pg + 2¢° is
(A) 24p—9 (B) 24p+9 (C) 24p (D) 0 (E) none of the above.
8.

The productivity of a third-world country is given approximately by the function
S, y) = 102" y0%  with utilization of 2 units of labor and y units of capital.

If the country is now using 600 units of labor and 80 units of capital. find the marginal
productivity of capital (round to one decimal place). [BaZi, pg. 469

(A) 4.5 (B) 9.4 (C) 11.3 (D) 15.2 (E) none of the above.
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TEMA 11.B Extrémy funkci vice proménnych

Nize u funked o promennych v = (24, xy,) predpokldadiame, 7¢ maji spojité parcidng
7

T
derivace drulicho radu v kazdém l)(xl(‘ 0 1éj

Heyp = (/z,,)

se zajinidme (nchl. elementdrmi funkee).

k-ta hlavui submatice Hesselio matice funkee |

i= ]}‘1
My (A) = (hij</l))?:1 ]/L] k-t Llavii subimnatice Hesscho matice 1/ v hode A
A(A) = det Hyy(A) -ty hlavn{ minor Hesseho watice /1, v hodé A

e Pozndmka: Hy je ¢tvercovd submatice matice Hyradu kv jejim levém hornfm rolu:

/7 . /.'Tlm /17171 /7|72 /Tl‘f?:s

/ . / - :f f]f(i: /1)11 /mro /T)I; ;a’[’d'
JX21 S remy

specidlne Hyy = [\/:Tlml J c Hyo = {
,/T(J;;?{?l ,/:r,‘;g(l'g ,/11‘3.'1',3

Lokdlnf extrémy funkce n proménnych y = [(x). ... x,)
Nutnd poduiika pro lokdlni extrém v bode A:
JTA) =0 A J7(A) =0 A o0 AS(A) =0, 1. A je staciondrii bod funkee /.
Postacujici podminka pro lokdlnf extrém v bode A:
[AL(A) > 0 pro kazdé k< nosudd] A [A(A) < 0 pro kazdd kb < n lichid] = lok. max.
[Ap(A) > 0 pro kazdé k < nsudd] A [A{A) > 0 pro kazdé k < n liché] = lok. min.
e Pozndmka: Pro lokdlni extrém lunkee /v A mus{ byt splnéna nutud pocininka:
nent-li splnéna podminka postacujict, funkee presto muze it lokdlni extrém v A.

Vyhodnoceni staciondrniho bodu A funkce 2 proménnych z=f(z, y)
Ag(A)=det Hy(A) >0 A A(A)=/""(A) <0 = [ md lokdln{ maxinum v 4.
Ag(A)=det Hy(A) >0 AN Ay(A)=/"(A) >0 = [ ma lokdlui minimum v A.
Ay(A)=det H(A) <0 = [ md sedlovy bod v A.

det H;(A) =0 = [ muze wmit lokdlni max.. lokdlni min. nebo sedlovy bod v A.

Lokalni extrémy funkce 2 proménnych = = [(x.y) vzhledem k vazbové
pOdH]lH(?(,‘ g(ﬂ,., J) = () (rovuice g, y)=0 definyje kiivku v roviné ay)

Metoda prima: Z rovnice g(x, y) = 0 ziskdme y = ¢(2) [nebo @ = ()] pak zkowmdime
lok. extrémy funkee 1 promeund ¢(r) = [(x. ¢(2)) eho W(y) = [(w(y).v)].

Metoda Lagrangeova multiplikdtoru: L(w.y) = f(x.y) + A - g(w.y) je Lagrangeova
funkce. Nejdifv fesime soustavu L™ =0 A LY =0 A g(r,y) =0 o nezndinych 2, y, A.
Pro kazdé tesent [, y;, i) bud A; = [, 1], Pak pro kazdy Lagrangetv multiplikdtor
Ai hodnotime staciondrni bod A; tunkee 2 promeunyeh Li(w.y) = [(roy) + A - gla.y).
o Pozndmka: Je-li ¢g"(A)=0 A ¢"(A)=0, nelze v A pouzit Lagrangcovu metodu.

Absolutni extrémy funkce 2 proménnych z=f(x,y) spojité na kompaktnf
oblasti IC (gj(z,y)=0 jsou hraniénf kiivky oblasti K s koncovyni body Cy,Cy, .. ..)

Podle Weierstrassovy veéty mnd takova funkce absolutnl maximun a absolutnf minimuim
na K. Tato lze najit vyhodnocenim funkee [ v nédsledujicich bodech:

A, .. stacionamd body funkee f. kterd patif do K (). A; € K),

Bi ... ke kazdé podminee g; body v K, kde jsou lok. extyémy [ vzhledem ke g, (, y)=0.
Ci ... koncové body vsech hranicnich kiivek v £ (tj. C; € K).
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TOPIC 11.B The Extrema of Multivariate Functions

Below, the rn-variable functions y = J{ay, ..o axy,) used are supposed to have their
second-order partials continuous at each point of the interest (c.g. elementary funetions).
g = (/'zflj»),f{":l Aé’.:x the A-th principal submatrix of the Hesse malrix Hy
Hyr(A) = (hy (A)7, j‘:l the &-th principal submatrix of Hy at point .4
Ap(A) = det Hyp(A) the k-th principal minor of H; at point A

e Note: Hgy is the upper-left-corner k& x k square submatrix of the Hosse matrix Hy:

/4 f ‘/'J,‘].'l'l ./’,’Ifl.’l'-_) ‘/‘.r} @3

JOr anpay o . .

S . ; ]{f,li = ./51:2.7:1 j!l‘g,’b‘g ,/::fg/rg , ele.
,fT’Z.'(TJ /,1:2;1:2

especially, Hy ) = {j’mm } CHyy = {
/.77:;-’171 frz:g:rg ,/.III;;.’I;;;

The local (relative) extrema of an n-variable function y = fler o a)
The necessary condition for a local extremum at A:
S A) =0 A f"(A)=0 A ... Af™(A) =0, ie Alsa stationary point of [.
The sufficient condition for a local extremum at A:
[Ap(A) > 0 for every k < neven] A [Ay(A) < 0 for every £ < n odd] = local max.
[Ag(A) > 0 for every k < n even] A [Ap(A) > 0 for every k < n odd] = local min.
e Note: For a local extrenmun of f al A the necessary condition must be satisfied;
if the sufficient condition isn't satisfied yet the function can have an extremum at A.

Classilication of a stationary point A of function of 2 variables z=[(x, )
Ag(A)=det Hy(A) >0 A Ay(A)=/"(A) <0 = [ has a local maximum at A.
Ap(A)=det Hi(A) >0 A A(A)=/"(A) >0 = [ has a local minimum at A,
Ng(A)=det 114(N) <0 = [ has a saddle point at A.

det He(A) =0 = f may have a local max., a local min., or a saddle point at A.

The local (relative) extrema of a 2-variable function z = f(x.y) subject
to the constraint g(:);’, y) = 0 (the equation g(wx, y)=0 defines a crve i the xry-plane.)

The direct method: From g(x,y) = 0 get y = ¢(x) [or & = ¥(y)]. and then investigate

the local extrema of univariate function ®(xz) = f(x.¢(x)) [or V(y) = [(v(y).y)].

The Lagrange Multiplier Method: /(v.y) = f(r.y) + A\ - g(r.y) is the Lagrange
function. First, solve the system L™ =0 A LY =0 A g(w,y) =0 for x.y. A

For each solution [z, 9, \;] let A; = [v;.9;]. Now, for cach Lagrange multiplier ),
classify the stationary point 4; of 2-variable function L;(x.y) = [(x.y) + A - g(a.y).

o Note: If ¢"(A)=0 A g"(A)=0 then the Lagrange method can not be nsed for A.

The absolute extrema of a 2-variable function z=f(z.y) continuous on a
compact region I (g;(x,y)=0 are boundary curves of K with endpoints Cy, Cy, .. ..)
According to the Weierstrass’ theorem such a function has its absolute maximum and
absolute minimum on K. These can be found when evaluating [ at the following points:
Aj; ... stationary points of f which belong to K, (i.e. A; € K),

B;... local extrema points of [ subject to each constraint g;(2.y)=0 belonging to K.
Ci. .. endpoints of all houndary curves belonging to K (i.c. () € ).

[
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RESENE PRIKLADY
Priklad 1. Najdéte lokdlni extrémy funkee F(a.b,¢) = a® — 30 + 6% — e + 4¢2 + 6b + 2.

Reseni. " =3a> —6a =0 A " =92 — 2 +6=0A F°=-2% 18 =0 —
= Ay = [2,-4,—1], A; =10, -4, =1]. Nagli jsme staciondrni body funkce F.

6a—6 0 0 6 0 0 -6 0 0
Hp = 0 22|, Hp(4) =0 2 -2 . Hp(As)=| 0 2 —2
0 -2 8 0 -2 8 0 -2 8

Bod Ay = [2. =4, -1] : A(A4)) =06, Ay(A)) = 12, Ag(Ay) = 72 = lokdl. max. v A,.
Bod Ay = [0. -4, —1]: Ay(Ay) = f() An(Ay) = =12.A4(Ay) = —72 = newmime weit.
Piiklad 2. Vyhodnotte staciondrni body funkee Sl y) = at + 122y + 27
Resend. f'" = 43% + 12y =0 A JV =120 44y =0 = A =[0,0], Ayz = [+3.79].
1222121 0 [ o1 o s e
Hy = { 19 4:'. Hi(Ay) = {12 4} [ (Ay) = Hy(Ay) = { 19 4J

Bod Ay =1[0.0] 1 Ay(A;) = —144 = sedlovy bod,
Body Ayy = [+3,F9] © Ag(Au3) =288 A Aj(Ays) = 108 > 0 = oba lok. minima.
Priklad 3. Najdéte lokalni extrémy funkce f(x,y) = 122 — 2y — 7 vzhledem k podmince
(a) y =22, tj. gla,y) = y—a® =0, (b) 22 +13y% =1, tj. glz. y) = 2 +13y>—1 = 0.
Resent. (a) UZijeme pifmou metodu. tj. polozime pifmo y = o) = a? v predpise (2. y):
Ola) = fleopla) =120 =2 (2®) =7 = =22 + 120 — 7. Funkee 1 proméimé ®(r) ma jeden
staciondrnl bod wy = 3. Uzithn drubé derivace zjistime, ze ®(x) ma lokdlni maxinnun v .
Nyniy = @) = v7 = 9 a konecue (. Y1) =12.3-2.9 -7 =11.
Funkee f ma lok. maximun vzhleden k podifuce ¢ v B = [3,9] s hodnotou f(13)=11.
(b) UZijeme Lagrangeav multiplikdtor pro L{z,y) = 122 —2y—7 + AMa?+13y* 1),
; . 2
LP=12 422\, LV= — 242y, L""=2\, [/Y=2\, [/"V=[V'"=0, H;= { (); 2?}
Podminky jsou: 12+22A =0 A =2+ 2yA=0 A 2* + 13y -1 = 0.
Z prvuich dvou podminck méme 7 = _T() Ay = i\ coz uzijemne ve retd roviic:

;S + X)‘l = 49=)* = N =7, \o= — 7 (dve mozné hoduoty Lagrangeova wmultiplikétoru).

6 14 0 ; _ —14 0
M=T = :1:1:76& ylzé. ;= [ 0 14} A= —T = :171:2. ;L/I:—;[. 1= [ 0 14}

Odpovéd. Podininénd lok. minimun funkee f je v 13 == 6 H s hodnotou f(B)= 73

a podmincné lok. maximmn funkee [ je v /3}7[@ 7‘] s hodnoton f(lfg):%.

Priklad 4. Najdéte absolutni extrémy funkee [f(r.y) = 227 — wy + 24> — 20 +y na
kompakinf trojuheluiku £ s vicholy €y =1[0,0], Cy = [2,0], (4 = [0, 4].

Resent. Stac. body pro [ Jr=de—y—-2=0A)"=-u+dy+1=0= /1——[ . :2] ¢ K.
Pro 3 kiivky stran (pfimky) oblasti K najdeme vézané stacionarni body (metoda p bl Fna):
pro gy (x,y)=x=0 (pifmka horizontdluf{ strany) méme W(y) = QJ +y = Bi=[0, ] §§ K,

pro ga{x, y)=y=0 (primka vertikdlni strany) mame ®(a) = 20?2 — 20 = /)2—{% 0] ex
pro gs(x,y)=2x —y —4=0 (pifinka sikmé strany) ®(x) = 120° 402436 = By=[3, %] c /C.

By | C | Co |y

EIIRE]

Absolutnf minimum funkee f na K je f(By) = ~% X | B

a absolutnf maximum funkee [ na K je f(Cy) = 36.  f(X) || -3
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SAMPLE EXERCISES
Example 1. Find the local extrema of F'(a,b,¢) = a® — 3a® + % — 2bc + 4% + 6Gb + 2.

Solution. " =3a> —6a=0 N F'=2—20+6=0 A F"=-20+8 =0 =
= A =[2,-4,-1], Ay =[0. 4. —1]. We have found two stationary points of

6a-G 0 0 6 0 0 -6 0 0
Hp = 0 2 -2, Hp(A)= |0 2 2| Hp(d)=| 0 2 -2
0 -2 8 0 -2 8 0 -2 8

Point Ay = {2, 4, =1} - A(A) = 6. Da(A)) = 12, A4(4}) = 72 = a local max. at Ay
Point Ay = [0, —4, =1] : A (4y) = =6, Ao hy) = —12. Ay(As) = —T72 = we can’t decide.
Example 2. Classify the stationary points of the function f(w.y) = o + 122 + 24°.
Solution. [ =4a® + 12y =0 A [ =120 +4y =0 = A, = [0.0], 493 = [+3.F9].
1222 12 012 , 108 12
o = { 0 1} Hy(Ay) = {12 4} Hp(Ay) = H(As) = { b 4J

Point Ay =[0.0]: Ay(Ay) = —144 = a saddle point,
Points Agz = [£3, F9] : Ay(Asy) =288 A Aj(Ays) = 108 > 0 = both local minima.

Example 3. Find the local extrema of [(ir,y) = 122 — 2y — 7 subject to the constraint
(a) y=ua? ie glz.y) =y—a?=0, (b) w? 4+ 132 =1, ic. gle.y) = 172+13'j2~—1 = 0.
Solution. (a) We use the direct met'hod ie. we put dire L(',I‘ly y=or)=2a%1in [(a,y):

Qo) = [(x, o)) =120 — 2 (2?) — —22* + 122 — 7. The I-variable function ®(z) has
one stationary point ay = 3. Using ‘rhe s(—/(,ond deriative test we find out that ®(x) has a local
maximum at z;. Now, y; = ¢(21) = 22 = 9 and. finally, flany)=12-3-2.9 -7 =11.
The function [ has a local max. subject to the constraint g at B = [3,9] with [(B) = 11.

(h) We use the Lagrange multiplier method with L{x,y) = 120 —=2y—T7 + AMa? +13y° —1).

LP=12 4 20, L= —2 429\, L'™=2A\, ["W=2\, L/"W=]/v'"=() [, — [23 Q(A) J

The conditions are: 12 +22A =0 A =2+2yA =0 A 22 + 1342 — 1 =0.
From the first two conditions we have 2 = Tb Ay = % which we use in the third equation:
/\2 >+ J3“1 = 49=\ = A\ =7 \y= — 7 (two possible values of the Lagrange multiplier).
14 0

0 —14

14 0
0 14
6

Answer. The constrained local minimum of f is at By=[=". ] with [(B;)= 12 and the

/\]:7 = :1"1:%6? yl:%7 [:]L: [ :l-, /\ =—T7= 71“% 1/1:_71 HL: [

-
constrained local maxinmumn of [ is at 1))~[— %] with f(132)= 7)

2

) = 20" —wy + 2y — 22 +y on the
2.0], Cy = [0,4].

Solution. Stat. points of f: [ =4 —y—2=0A "= —w+4y+1 =0 = A=[£. %] ¢ K.
For 3 side curves (lines) of K we find the constrained stationary points (the direct method):
for gi(w, y)=2=0 (the horizontal side line) we have W(y) = 2y +y = 13,=[0. =] ¢ K,

for gy(w, y)=y=0 (the vertical side line) we have &(x) = 2% — 20 = By=[.0] € K,

for g3(x, y)=2x —y —4=0 (the oblique side line) @(2) = 1222 — 40z + 36 = ];'g:[%. e k.
The absolute minimum of f on K is f(Bs) = —3 X Bo|Bs|Cr| o Cy

and the absolute maximum of fon Kis f(C3) =36.  f(X) | -5 [ 3] 0 | 4] 36 |

Example 4. Find the absolute extrema of [(x,y
compact triangle £ with vertices ' = {0,0], €y = |




ULOHY K RESENI
Uloha 11.B.1. Najdcte lokalni extrémy funkel vice promcénnych
(@) f(poa,r) = 0" +4° 41— pg+gr+2r, (b) flar,mo.w3,00) = —a$ + 30% —aF —a? — 2,

(¢) flwr, o, m3) = —af —a5—a3+20 ) +224, (d) fla,b,c.d) = a® + b + ¢ — 3¢+ d® — 6d2.

Uloha 11.B.2. Pro dané funkce najdéte staciondrni body a vyhodnofte je.

(a) [(p.q)=— p* + pg — ¢* + 6p, (h) z=2® = 3w+ 4. (0) z=In(a? +° + 1).
(d) fluwv)=u® =2 +2ue—3u, (0) z=e="" Y7 () 2=’ =3+ +3y°.

Uloha 11.B.3. Najdéte lokalni extrémy funkce f(2.y) vzhledem k vazhové podiince
g{x,y) = 0. Uzijte primou metodu.
(v, y) =" — > + 82— 1, glz,y) =z -5,

(v y) =2 +y* + 8 — 13, g(r.y) =y — b,
(x,9) = 2* — 27 + 8, glz.y) =24y —5.
(

vy) =1 —wy =243, glu,y) =22 —y.
Uloha 11.B.4. Najdcte lokdlnd extrémy hmkee [(2.y) vzhiledem k vazbove podimfuce
g(w.y) = 0. UZijte wetodu Langrangeova multiplikétoru.
() Jlry)=2—y, gloy)=a"+y" -2,
b) f
(c) J
(d) f

‘ |
(v.y) =20 +4dy +5. gle.y) =202~ — =,

2
(wy) =2 +ay+y"+2 glay)=x+y—1,
(r,y) = In(zy), glv,y) =a2*+13° —2.

Uloha 11.B.5. Najdéte absolutni extrémy na kompalktni oblasti &C.

r.y) ="+ 30y —y®, K kompaktni A s vrcholy [1,2].[1, —2], [~1. 2],

r,y) =2 —day +y® + 4y, K kompaktni A s vrcholy [—1, —~1],[7, 1], [7. 7],
vy =1 —dr + 20 K (—1<a<1DA(=4<y<d),

wy) =227 Ki(=1<uw <2 (-1<y<2),

(v,y) =3z —vy, K : kompaktnf kruh 2% + ¢y* < 2.5.

Uloha 11.B.6. Spotfebitel md utratit 600 $ za dve kowodity, prvnl mé cenu 20 § za
jechiotku a druhid 30 § za jednotku. Predpokladejme, 7e uzitcek pro konzumenta odvozeny 7 .r
jednotek prvni komodity a v jednotek dimli¢ komodity je din Cobb-Douglasovou uzitkovou
funkef U (2. y) = 1029%%4. Kolik jednotek od kazdé komodity mé spotiebitel nakoupit, aby
maximalizoval uzitek? [HoBr. str. 550]

(Navod: Optimalizujte uzitkovou funkei U (x. y) vzhledem k podmince 202 4 30y — 600 = 0. Protoze
x> 0ay >0, jsou koncové body vazbové podminky C = [0,20] a Cy = [30,0].)



PROBLEMS TO SOLVE
Exercise 11.B.1. Find the local extrema of multivariate functions
(&) f(p,q.r) = p* + > +r% = pg + qr+2r, (b)) flzr.zo, w3, 24) = —af + 32} — sy — ah — rs

(c) flay, ao,x3) = f:zrf—afg~;1¢§+2:zrl+2:z’:3, (d) fla,b,e.d) =a®> + 8>+ ¢ — 3¢ +d° — 6d%

Exercise 11.B.2. For given functions, find their stationary points awud classify them.

(a) f(p,q)= —p* +pqg— ¢* + 6p, (b) z=a” = 3w+ 97, (¢) z=In(a? +y? + 1),
(d) [, v)=u? —v* 4200 —3u, (¢) 2= 70", (1) z=2" =312 432,

Exercise 11.B.3. Find the local extrema of function f(:,y) subject to the constraint
g{a,y) = 0. Use the direct method.

(x.y)=a"—y* +8v—1, glr.y)=2a—75.
(,y) =2+ + 8 — 13, glr.y) =y — b,
(,y) = a? = 2" + 8¢, gle.y)=2+y—05,
(ty) =2 —ay =2y +3. glz.y) =227 —y.

Exercise 11.B.4. Find the local extrema of function f(a.y) subject to the constraint
g(x.y) = 0. Use the Langrange multiplier method.
(a) [(ey)=a—1y, glz,y)=1x"+y* 2,

(b) [lw.y) =20 +4y+5. glv.y) =22 +y* -

NN

(¢) flooy)=a+uy+y* +2y. gloy) =x+y—1,
() flay)=n(ay), glr.y)=2"4+y* —2.

Exercise 11.B.5. Find absolute extrema on a compact region K.

a) f(z,y) =% + 3uy — y’.  K: the compact A with vertices [1,2], [1, —2], —1,-2],
Y
b) f(.y) = a* — 4wy +y* + 4y,  K: the compact A with vertices [—1, —1],[7. —1].[7.7],
Y
(¢) flo,y) =2° —da + 2%, K (=1<az<1D)A(=d<y<4),
(d) Sl =2 +2° K (m1<a<2)A(-1<y<2),
(€) f(x,y) =32z —y, K : the compact circle 2? +y% < 2.5.

Exercise 11.B.6. A consuner has $600 to spend on two commmodities, the first of which cost
$20 per unit and the second $30 per unit. Suppose that the utility derived by the consumer
from @ wnits of the first coimnodity and y units of the second commodity is given by the
Cobb-Douglas utility function (/ (v, y) = 104%%4"* How many units of cach commodity
should the consumer buy to maximize utility”? [HoBr, pg. 5506]

(Hint: Optimize the utility function U, y) subject to the constraint 20w -+ 30y — 600 = 0. Since
x> 0 and y > 0, the end-points of the constraint curve are € = [0, 20] and C3 = [30,0].)
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Minitest MT11.B

Necht Fa,b,¢) =a®>+2a+b +ab+c2b+b+2 anechi P = 1. -1,2].
Pak A; (l)) + Az([)) + A;;(f)) =

(A) —19 (B) —17 (C) 17 (D) 19 (E) jiny vysledcek.

Déna funkce f(xy, 2y, 23) = 212005 — 5. V libovoluém bode 2, Ty, T3] urcete

hodnotu determinantu Hesseho matice funkee f. Vysledek je

(A) 22125 ( B) —2zxy (C) 22120 (D) —22925  (B) jiny vysledek.

A=10,3] je staciondrni bod funkee f(x.y) = - cosy. Potom

(A) f ma lokdlni maximun v A (B) J 1 lokdlnd minimun v A

(C) f mé sedlovy bod v A (D) As(A) =0, (E) jind odpoved.

. o . , , . o 9 s
Najdete staciondrni bod funkce » = ¢"(x 4 y*) a vvhodnotte ho.

(A) [0, —1] lok. min. (B) [0. —1] lok. max. (C) [—1,0] Iok. min.
(D) [—1,0] lok. max. (E) jina odpoved.

John pouzil Langrangeuv multiplikdator k optimalizaci funkce f(a,y) = @2 — vy — y?

vzhledem k podmince z +y — 1 = 0. Hodnota Langrangeova multiplikatoru byla

(A) —25 (B) —15 (C)15 (D) 2.5 (E) jiny vvsledek.

Najdéte absolutnl minimum z,,;, a absolutnl maximum 2,,, funkee
; . . 9 ‘ - . ’ .
z = a4 2y + 3 vzhledem k podinince g(a, y) = @° 4+ y? — 5 = 0. Vysledelk jo

(A) Zmin & *41 “mar = 4 ( ]3) Zmin & -2, Zmax — 4 (C) Zrin — —4. Zmar = 8
(D) zmin = =2, Zppae = 8 (E) jiny vysledek.

Funkee = = 23 — 30+ 9% — 27y + 2 md pravé 4 staciondrni hody:
11,3}, [1,-3], [-1,3], [-1,=3].  Pocet jejich sedlovych bodu je

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4.

Déna funkee  f(w, 1) = 22 + 20y + py? + 0 — y + 3, kde p je parameter.

Najdéte vsechny hodnoty parametru p. pro néz f mé lokalni minimum.

(A) (—oc,—1)  (B) (=<, 1) (C) (=1l.00) (D) (l,oc) (E) jiny v¥sledek.

Firma planuje 60000 $ mcsicne na praci a material. Je-li @ tisic dolaru vyvualozeno
na praci a gy tisic dolart na materidl (1j. « +y = 60) a je-li mesiéni pocet vyrobenyceh
jednotek z dédn jako z = 4ay — 8, rozdélte 60000 $ na praci a material tak, abyste
dostali maximalni z. Hodnota maxima = je [BaZi, str. 490)]

(A) 3363 (B) 3364 (C) 3365 (D) 3366 (E) jiny vysledek.




Minitest MT11.B

1.

Let Fla,b.c)=0a’+2a+ b +ab+Pb+b+2 and let P =[1, 1. 2].
!T}l(‘,fl A](I)) + Az(l)) "ﬂ" A;g(/’) —

(A) —19 (B) —17 (C) 17 (D) 19 (E) none of the ahove.

Given function f(a1, @y, w3) = wyanay — 22 At any point 1. 2. 23] evaluate the

determinant of the Hesse matrix of f. The result is

(A) 2z123 (B) —2uq25  (C) 2uy2y (D) —2a5245  (E) noue of the above.

A =10,%] is one of the stationary points of the function [(x,y) = - cosy. Then

(A) [ has a local maximum at A (B) f has a local minimwn at A4
(C) [ has asaddle point at 4 (D) Ay(A4) = 0.  (E) none of the above is correct.

Find the stationary point of the function = = ¢"(r + y?) and classily it

(A) [0,—1] loc. min. (B) [0.—1] loc. max. (C) [=1.0] loc. min.
(D) [-1,0] loc. max. (E) none of the above,

John used the Langrange multiplier method (o optimize [(a.1) = 22 — 2y — 2

subject to the constraint z +y — 1 = 0. The value of the Langrange multiplicr was

(A) =25 (B) -15 (C) 15 (D) 2.5 (E) none of the above.

Find the absolute minimum z,,;, and the absolute maximun z,,,, of the function

z =7+ 2y + 3 subject to the constraint g(z.y) = 22 + 4% — 5 = 0. The result is
! J g T,y [

(A) Zin = —4, Zmax — 4 ( B) Zmin — -2, Tmar = 4 (C) Zmin = —4, Zrmar = 8
(D) zpin = =2, Zinae = 8 (E) none of the above.

The function z = 2% — 3w+ y* — 27y + 2 has exactly 4 stationary points:

11,3]. [1,-3]. [-1 } [—1.=3].  The nunber of saddle points of this function is

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4.

Given function f(x.y) =2 + 22y + py? + 2 —y + 3 where p is a parameter.

Find all the values of parameter p for which f has a local minimum.

(A) (w00, =1) (B)(=o0.1) (C)(~1l.00) (D) (1,00) (E) none of the above.

A firm has budgeted $60,000 monthly per labor and per materials. If 2 thousand
dollars is spent on labor a y thousand dollars on materials (i.c. w +y = 60) and if the
monthly output =z in units is given by z = 4ay — 8¢ allocate the $60,000 to labor
and materials to get maximun 2. The value of maxinmun = is [BaZi, pg. 490

(A) 3.363  (B) 3.364 (C) 3,365 (D) 3.366 (E) none of the ahove
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VYSLEDKY - RESULTS

TEMA - TOPIC TS8.A
8A1 (a)r=-13  (b)a=-101 (c)u=-vV2,1.V2  (d) zddny - nonc.

8.A.2. (a) 2—32°, (b) —*lﬁ+(‘0:2‘,r,, (¢) £+, (d) %%—71%—, (c) 12e"— \/; () -5-2.
8.A.3. (a) cos? v—sin*w, (b) (—3‘7“\/(7%2(;%, (c) “(T"I"UTV’ (d) e*(2wtana+u 12111;1,%(.(;:?,,).

(e) "'“CO'“""’*'?'\'i‘;;;"l"’j”’CO”, (f) (:1'28;—7:2)2' 8.A.4. (a) 2cos(22 + 1), (b) “::% (¢) T

(d) (2z—2)c"" 2 (&) =T cos(cos(7z)) - (sin 7z), (f) l\% 8.A.5. (a) 1, (b) 3, (c) —4.

02
8.A.6. (a) 68.20° (b) 45°, (c) —71.57°. 8.A.7. (a) 1,—1, (b) 1.2, (c¢) zadny - noue.
8.A.8. 2708 mcsicni pokles - monthly decrease.  8.A.9. d(5)=500. d'(5)=— 100; pii x=5%
je poptavka 500 ks a pii zvySend x o 13 se suizi poptavka o 100 ks - if 2=$5 then 500 items
is demanded and if 2 is increased by $1 then the demand decreases by 100 itemns.  8.A.10.
C'(10)=2539.58(ndklady - cost), C’(10)=1808/jedn. - unit (marg. ndklady - marginal cost}.

TEMA - TOPIC T8.B

8.B.1. (a) rostouct - increasing, konvexni - concave up, g/:%:z' — 2, y=— r}L -+ ](;“, (b) rost.

- incr., konkavni - concave down, y=ux + 6, y= — r + ()' (¢) rost. - incr.. konukav. - concave
. S L. 7 - 1 f

down. y=3z + 1,y=— so — 5. 8B.2.(a) 1, (b) =2 (¢) 1. ()1, ()L, (f) ~

) 1 )
8.B.3. (a) 44.0235, (b) —0.39. 8.B.4. (a)7 () 1=7(r—1)=3(r—1)*+(a—1)3, ( [‘()
1242(0—4) =SP4 CE (o) T(m)=a? =2, () T(a)=(a—1)— Ll g el =Dt
)

% 128 ¢

8.B.5. (a) none, (b) r=—2, (¢)r=+1, (d) x=14£2/2, (e) none, (I) v= l
8.B.6. (a)(=— Jdomax, t=1 . Lmin., (b)w=1...L max., w=2 ... L min., (c¢)u=~1

.1 min., (d) r=2 ,..Hlﬂ. bod - p()int of infl. 8.B.7. (a) abs. max. = — 5, abs. min.
=—32, (b) abs. max. =0, abs. min. =—7, (¢) abs. max. =0, abs. min. =—32, (d) abs. max.
=2981, abs. min. =1, (e) abs. max. =2981, abs. min. =0.368, (f) abs. max. =2981, abs.
min. =0.3068. 8.B.8. () poklesne o 12000 jednotek - () will decrease by 12,000 units.
8.B.9. abs. max.: =32, P=%61,964. 8.B.10. x =0.909, p = 3.68, R = 3.344.

TEMA - TOPIC T9.A

9.A.1. fi =I5, fo — Iy [z — 15, ,/ﬁ — Iy fs = I 9.A.2. (a) 3p — /72/2 +
C: R, (b)sinl+ C; R, ( ) 11z + C; R (d) ‘%/o +2Vs3 /3 + C (0,00), (e) 101nlg| -
20/q + € (—50.0). (0, 00), (1) 3Vm2/2 4+ C; ( 0).(0. ). 9.A.3. g (0.). g
(—oo, —1).(=1,1),(1,00), g3 : R, gs: (—oc. l) g5 0 (—oc.=3).(=3,-2).(—2,0).(0, 0c).
ge 1 (—1.00). 9.A.4. (a) —cos(3x+2)/3+ . (b) (20--7)°/12 + ', (c¢) In|sinx] + C,
(d) Infa®~113a+2| + C, (e) —/(1=4p)3/6+C,  (f) Inlln(g+1)] + . 9.A.5. (a)
/2 —31nl: (b) In(#2+1)/2 + arctant + C, (¢) zln*r =3I r+6Inr—6r+C.
(d) —=2pe P+ —4e= P (o) —10/(s+1)+C, () In|z?+5246] —61n|(x+2)/(x+3)]+C,
(g) e®(2%/5—22/254+2/125) + C, (h) 3:/(2s—11)4/8 + C, (i) In*z/4 + C.

TEMA - TOPIC T9.B

9.B.1. (a) = 1597, (b) =0.118, (c) =888, (1) =018  9.B.2. (a) =10.7. (b)
= 1833, (¢)=0.69, (d)=1.39, (¢)=8.28, ([) =4. 9.B.3. (a) = 1.89, (h) = 10.39,
() =133, (d) =105, 9.B.d. (a) = LOUS. (b) =754, (c) = 0.39. (d) = 75.4.
9.B.5. =7044. 9.B.6. $20,000. 9.B.7. = 39.706 tisic - thousand. 9.B.8. = 28.83
mil. EUR.  9.B.9. = 26.315 mil. $, 36.46 let - years.  9.B.10. (a) odm. k. - root t.:

61



conv., int. t.: conv., (b) odm. k.- root i.: neroz. - not decided. int. t.: conv.. (¢) podil. k. -
ratio t.: neroz. - not decided, int. t.: couv., (d) podil. k. - ratio t.: neroz. - not decided, int.
t.: div.

TEMA - TOPIC T10

10.1. Pouze [5 je feSeniin ry - Only [ is a solution of 7 2 10.2. (a) ¢ / = xcosa+sina 4 C,
() y =a?/12—2?/3+ 327 + C, (¢) y=e /94, = —2/1 . 10.3. (a) y =
0?2450 — 6 (b)y = we"—e"+11, (c)y = o' — .,z,z—.1+2 ((l) y = (a? 111‘1)/2+.174/4+23‘1:—1/4.
10.4. (a) y*/2 = 23 /34 C. (D) y*/4 = we" =" +C () =1/y = 2In(e—2)—In(v—1)+C. (d)
(2/3)y%? = (3/4) ABLC 105, (a) y = Co 2 (b) y = Co?, (c)y=Co 2+ z/2~1/4.,
(d) y = Ce=e"/3, () y = Celemsinwcost)/2 gy — (e 4 o7 /2, (g) y = Ce*" + Cyze® ) (h)
y = C1+Che* ( Yy = 07/2 (('1 cos( \/1/2) + Cysin(v/31:/2) ) iy =Cre " +Chre "+ —5
(1\) Yy = CV'[G‘/I" + CgC T — 37 (1) Yy = Cl() s + (/YQ + (1/2/6 + 14/9

10.6. $3.52.  10.7. 260,578 EUR.  10.8. $950.02. 10.9. p(t) = 10737 + 20.

10.10. R(x) = 2?/2+ 8/, p/(x) =1/2 —4/V2%, 10.11. y= —e~" 1 2.

TEMA - TOPIC T11.A
11.A.1. Rédka - row 1: NO, YES, NO, YES, YES, F-row 2: NO, YES, YES, NO, YES, .- row 3:
_ Lo 0 0 Ju?
NO, YES, NO, YES, NO. 11.A.2. (a) [0 ﬂ (b) [ row® Lm? () { 0 —(2u) ¥ 0 }
B2 0 Guw

3 ! 2 b du? 2uw 2uw —cos{u—vw cos{u—vtw) —cos(u-—uvlw
(d) { 17 ]Z’; } S (G) A { ) ;uzllY w? w } R ([) { <'()sé'u——~1r—; /u'; - (ossu v u: (osgu 7 : u; :! .
T 2uw e w? — cos(u--t-w) cos(u—uv-+u) —coslu—v{w)
11.A3. (a) 30, (b) 4, (c)4 11L.A4. (a) 2= 20+3y—3. (b) 2 = 1/6a—1/6y+1.5,
() z=a+1.  11.A.5. (a) 127, (b) —3.92, ( ‘) 6.362. 11.A.6. (a) A=[1.2). H(A)=3,
(b) Ar=[L.0). 1/ (Ay)=12, Ap=[~1,0], [I(A2)==12, (c) A=[0.0], H(A)=4, (d) A=[3 =0,
H(A)=—16, ({) A=[1/30,4/30], H(A)= — 60 . 11.A.7. 2.(30,10)= — 80 — Na tirovni

produlcce 30 standarduich a 10 zdvoduich surfovacich prken t¥dne zvyseni produkee standardunich
prken o 1 a udrzeni produkee zdvodnich prken na 10 snizi tydenni zisk piibliZné o 80 § - At a
production level of 30 standard and 10 competition boards per week, increasing the production of
standard boards by 1 and holding the weckly production of competition boards fixed at 10 will
decrease the prolit by approx. $80; P,(25,10)=10 (resp. P,(25.15)= — 110) — Na twovni
tydenni produkee [x,y]=[25,10] (resp. =[25,15]) zvydeni produkee y o 1 a udrzeni x na 25 7v{si
(resp. snizf) zisk priblizné o 10 § (resp. 110 $). - At a production level of [x. y]=[25, 10] (=[25, 10],
respectively) per week, increasing the production of y by 1 and holding the production of @ fixed
at 25 will increase (decrease. respectively) the profit by approx. $10 ($110. respectively).

TEMA - TOPIC T11.B

11.B.1. (a) A=[2.1, 2], f(A) = —2.. L min., (b) A;=[2.0.0.0]. /'(/\1):4. - Lomax.,
Ay=[0,0,0,0].. newmime rozhodnout - we can’t decide. ) 4*[ 011 f(A)=2. . 1. max.,
(d) Ay=[0.0,1.4], f(A))= — 34... 1. min.; A;=[0,0, ~1.4} Az 4=[0.0,£1.0]... newmime

rozhodnout - we can’t decide.
11.B.2. (a) A=[4, 2|, f(A)= 12 1 max., (b) A=[1,0], 2(A1)=—2.. . L min., Ay=[-1,0]...

sedlovy b. - saddle point 1=[0,0], 2(A)=0... L min., (d) 4=[2. —ﬂ .. scedlovy b,
- saddle point,  (e) A=|0, O} (4) 1... 1. max., () /41—{1 0], z(A))= o 1omin,
Ay=[-1,-2],z ( 2)=06. .. I. max., A3=[-1,0], 44—[1 2]. .. sedlové b. - saddle ])Olllf%
11.B.3. (a) A=[5,0], / (/\) G4. .. 1. max., ()) =[-4,5], f(A)=—-4... L min., (c¢) A=[14,-9],
J(A)=146... L. max (d) A :[() 0], / ( 1)=3... 1 111ax., Ap=[-1,2], [(Az)=2... L min.
11.B.4. (a) A Ay=[-1,1], [ (A ) - 2. l. min., A= — 2. A,=[1,—1], f(As)=2... L
max., (b) Al :[ £, -%] fA)=2.. 1 min. /\>v—5 Ap=[5. 2] J(A2)=8 ... L. max.,
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() A=—=2 A=[2 —1]. [(A)=2.. Lmin, (d) A=—2, A =11 Ag=[—1, 1], f(A))=/(45)=0
... 1. max.

11.B.5. (a) Aj=[—1,=2], f(A1)=—06... abs. min., A,=[1, —1], f(A3)=5... abs. max.,

(b) Ay=[=1, —1], J(A1)=—8... abs. min., A,=][7, 7]_/‘(4():‘)24 cabs. max., (¢) Ay=[1.0].
J(A)==3. . abs. min., Ap=[~1.44]. [(A2)=37... abs. max., (d) A,=[0,0], /(41)—( .. abs.
min., 4,=[2,2], [(Ay)=12... abs. max., (e) Al—[v%,ﬂ.f(/ll): 5. abs.min., Ap=[3, —1].
(A ):5 . abs. max.

11.B.6. [2.y)=[18,8], Uy, =10 - 1806804 = 130.]

MINITESTY - MINITESTS
| [MT8A [MTSBIMTIAIMTIB|MT10 [MT1IAMTI111)

1 D A B C D A B
2 C A E C D C E
3 D A B B D D C
4 B D A C b B K
) B B D D B B D
6 E D E B b D D
7 B A D D E A C
8 D B - D C C D
9 B C - A C - B
10 C A - - - - -
1 - D - - - - -
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Modelové cviceni z matematiky: Zaklady programu Maple

Maple lze zjednodusené charakterizovat jako matematicky manipulacni jazyk. Jeduotlivé ptikazy
se ukoncuji sticdnikein nebo dvojteckon a po stisku klavesy ENTER jsou ihned vykonany.
Linearni algebra

Na modelovém piikladu fegeni soustavy lin. rovnic si ukéazeme zakladui pifkazy pouzivaué linedrni

algebrou. Drive neZ zalneme pracovat, mnusime si oteviit knihovon lin. algebry zadanim piikazu
with(linalg); nebo with(linalg):

Pouzijeme tuto pracovini soustavu Soustavi wizeme napi. chapat jako maticovou
3wy A+ 3wy b dxy — day = 9 3 3 4 -5 9
Srp = Twy o+ Bwy b 2wy o= 8 roviici | 0 700 2y — 5
dxy -+ Hrp — Tes — 3xa = 5 4 5 -7 3 5
7oy b 8xa b 3wy 4+ dwy = =2 T8 3 4 -2

Ovéteni Frobeniovy podminky: piikazem A:=matrix(4,4,[3,3,4,-5,5,-7,8,2,4,5,-7,-3,7,8,3,4]);
zaddme do pocitace matici soustavy a pifkazem  b:=vector(4,[9,8,-5,-2]); si zaddme vektor

pravych stran. Hodnost matice soustavy zjistime piikazem rank(A);. Roz3iienou matici soustavy
(pojmenujewe siji treba Aroz) ziskdme napi. thnto zpusobem:  Aroz:=concat(A,b); spoji
matici A4 a vektor b (jako sloupec). Hodnost matice Aroz zjistime pitkazem rank(Aroz);. Je-
li Frobeniova podminka ovérena, prikazy linsolve(A,b); ¢ leastsqrs(A,b); najdou Tegeni

maticové rovnice A - @l = bl

. Soustavi mmnzeme také fesit pouzitim inverzni matice:  piikaz

Ainv:

inverse(A); vypoCitad matici A~ a pak wzijeme prikaz X:=multiply(Ainv,b);.

xl:=det(A1l)/det(A);
x2:=det(A2)/det(A);
x3:=dct(A3)/det(A);
x4:=dct(A4)/det(A);

Jiny zpusob, jak Tesit soustavu lin. rovnic, je pouziti Cramerova pravidla.

Vlezime matici soustavy A a prislusné matice Aj, A», A3, Ay a pomoci
. 1, A2, A3

prikazu pro vipocet determinantu postupd vvpodéteme jednotlivé neznamé:

V programu Maple lze Tesit soustavy lin. rovaic také powmocd Gaussovy a Jordanovy climinace.
Méme-li vlozenu roziifenon matici soustavy Aroz. pak pitkaz gausselim(Aroz); provede pravu
na Gaussuv tvar a piikaz gaussjord(Aroz); Jordanovu eliminaci.

Na jiné soustave lin. roynic o nezndinych y1. y2, v3 si pfedvedeme jeSté  rl:i=y14+-3*y244%y3=9:
dalsi zptsob Teseni - totiz piimé vlozeni jednotlivych rovnic (tj. 11, 12.13)  r2:=6*y1-7%y24-8%y3=10:
a pak uziti pifkazu "solve”: reseni:=solve({r1,r2,r3},{y1,y2,y3});  r3:=a*y145%y2-5%y3=-5:

Prehled piikazi (otestujte je na vektorech ¢ = (—1,5,15). v/ = (—7.8.9) anejakych maticich A. B):

norm(u,2); vypocitd normu vektoru angle(u,v); urci dhel vektoru .7 (v radidancch!)
dotprod(u,v); provede skaldrui soucin ¢ - ¢ crossprod(u,v); provede vektorovy soutin o x o/
transpose(A); transponuje matici A det(A); pocitd det(A4) inverse(A); pocitda A~
adj(A); potiti A rank(A); pocitd h(A)  evalm(A4B); pocitd A+ [

multiply (A,B); pocitda A- DB evalm(A&*B - 3*A); pocita 4- B - 3C.

POZOR, na souéin ¢isla a matice uzijemne znak *. ale na soucin dvou matic “dvojznak™ &=

Posloupnosti a rady
Limitu posloupnosti lim HTZZLT_IL‘() wréime pifkazem limit((n+3)/(n”2-4*1+46),n=infinity):.
P =D !
is &)
Soucty posloupnost! a fad zajistuje "sum”. Napi. sum(1/k"2,k=1..infinity): vypocte > 717
k=1

Piflaz taylor(cos(x),x=0,15); dd Taylorny mnohoclen 15. stupné funkee cosw v hode @ =0 .

Funkce

Funkei f @y = xe? vlozime pomoci funkéniho operdtoru —> takto fi= x -> x*exp(x);
Cheeme-li wréit funkeni hodnotu funkce f v bodé a = 2, stacl zadat f(2);. Analogicky vkladame
funkce vice promeénnych. Napt. g:=(x,y) —> (x-5*y)/(5*x+y); vlozl funkei g : z = %

K vypoctu limit funkef slowzf stejny piikaz jako u posloupnosti. napr. limit(sin(x),x=Pi/3,right);

najde limitu funkce sinax v bodé @ = 5 zprava.
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Model seminar in mathematics: Getting started with Maple

Maple can be siinply characterized as a procedural mathematical language. Any particular com-
mand must be ended by a semicolon or a colon. Then press the ENTER key.

Linear algebra

On a model example of solving the system of linear equations, we show basic conmmands in lincar

algebra. Before starting, it is important to open the linear algebra library by inserting the command
with(linalg); or with(linalg):.

. . e COrresy ne matrix for f 1S SVS
We use the sample system of equations The corresponding matrix form of this system is

321 4 3w 4 4dxs = Szy = 9 ‘f f f 'jj 2
521 — Txo -+ Srsz | 224 = 8 l) “L - ; SN = C
4wy + Brw — Try — 3wy = —H oo e o
Txy b 8zy 4 3xz A+ dwy = =2 ! 8 3 4 2

Verify the Frobenius condition: A:=matrix(4,4,{3,3,4,-5,5,~7,8,2,4,5,-7,-3,7,8,3,4]); iuserts
the augmented matrix into the computer memory and bi=vector(4,[9,8,-5,-2]); inserts the
right side vector. The command rank(A); computes the rank of the system matrix. The augmen-
ted matrix (let us denote it by Aaug) can be created as follows:  Aroz:=concat(A,b); will
join matrix A and vector b (as a column). The rank of Aaug is found by rank{Aaug);. If the
Frobenius condition holds, the commands linsolve(A,b); or leastsqrs(A,b); will compute the
solution of matrix equation A - #1 = b7, The inverse matrix can be used as well: the conunand
Ainv:=inverse(A); computes matrix A~! and then X:=multiply(Ainv,b);.

Anotlhier way, how to solve our system of equations, is the utilization xl:=det(Al)/det(A):
of the Cramer rule. Matrices A, Ay, 45, A3, A4 must be inserted and then, x2:=det(A2)/det(A);
using the determinant command, the values of particular unknowns are x3iz=det(A3)/det(A);
obtained. x4:=det(A4)/det(A);

In Maple, the system of cquations can be solved by means of the Gauss or the Jordan elimination.
If we have the augmented matrix Aaug. we directly use the command gausselim(Aaug); which
eives the Gauss form or the command gaussjord(Aaug); which performes the Jordan elimination.

On a different svstein in unknowns v1. v2. v3 we show vet another me-  rl:=y14-3*y2+4*y3=9:
: : ) ) ) y1+-3%y2-4-4%y

thod. We siinply insert the particular equations (i. e. rl, 12, r3) and then  r2:=6*y1-7*y24-8*y3=10:
we use the command "solve”: reseni:=solve({rl,r2,r3},{yl,y2,y3}); r3:=4%y145%y2-5*y3=-5:

The list of commands (experiment with vectors @=(—1,5, 15), i'=(—7.8,9) and somec matrices A, 3):

norm(u,2); computes the norm of vector ¢ angle(u,v); yiclds the angle between i, @ (in rad)
dotprod(u,v); does the dot product i - ¢ crossprod(u,v); docs the cross product i x @
transpose(A); creates the transpose of 4 det(A); gives det(A4) inverse(A); gives A~
adj(A); computes A rank(A); gives h(A4) evalm(A+B); computes A + B
multiply(A,B); computes A- D evalm(A&*B - 3%A); computes A - B-3C.
WARNING, the symbol * is used for multiplication of a number and a matrix, for multiplication
of two matrices the doublesymbol &# is necessary.

Sequences and series
The limit Jim T% is computed by the command limit((n+3)/(n"2-4*n4-6),n=infinity);.
oo )
o
The command “swn” finds the swns. For exanple. sum(1/k”2,k=1..infinity); computes 3 L%
k=1

taylor(cos(x),x=0,15); shows Taylor polynomial of degrec 15 of the function cosa at 2=0.

Functions

The function f:y = a¢” is inserted using the special operator -> as fi= x -> x*exp(x); If we

want the value f(2) we simply insert £(2);. Functions of more variables arc inserted analogously.

For example. gi=(x,y) —> (x-5%y)/(5%x+y); inserts the function g : z = ;T’)Z

The limit of function command s simple, ¢. g. limit(sin(x),x=Pi/3,right); finds the limit of
& from the right.

function sinx as x approaches



Derivace, integraly, diferencialni rovnice

Derivovani mé 2 moznosti: (1) Povel "diff”. Ukdézka: diff(sqrt(x"2+1),x); wrcl prvni derivaci
funkee a2 + 1, kdezto diff(In(1-x),x$5); wrci patou derivaci funkee ln(1 — x).

Prikaz diff(tan(x-y),y); wrel prynd parcidlnd derivaci funkee tg (@ — y) podle proménné .

(2) Povel D u prvni a (D@@L) u k-té derivace. Ukdzka: nejdiive defi-
nujeme funkci. napi. fi= x -> sqrt(x"241); a pak D(f) wdl jeji prvui a (D@Q@3)(f) jejf
tretl derivaci. Pokud chceme s témito derivacemni ddle pracovat jako s funkcemi, zaddme rovnou
g:=D(f); a h:=(DQ@3)(f); a pak napr. jejich hodnoty v a=13 zjistime pitkazy g(13); a h(13);.
2

Piikazy "maximize”, “minimize” naleznou absolutui maximum a minimum: napt. proy = 1 — «
na uz. intervalu (-2,5) uzijeme: maximize(1 - x"2,x,-2..5); a minimize(1 - x"2,x,-2..5);.
3
’ . y sy s . . ’ . 2 - .
Integral [ a?dr potitime jako int(x"2,x); zathmeo [ @de jako int(x"2,x=-3..3);.
-3
K feSeni diferencidluich rovnic slonZi pitkaz “dsolve™. Nejprve vlezine danou dif. vovnici. Napr. pro
diff(y(x),x)-2*y(x)=exp(x);.
Nisledné zaddnim dsolve(R,y(x)); ziskdme obeené resend y(x) této dif. rovuice. KK ziskant parti-
kularntho Te§eni dif. rovuice vloZime napt. podatetnl podminkn pp:=y(1)=7; a pak purtikuldrni
resend rovnice R splanjict podminku pp  nalezneme prikazemn dsolve({R,pp},y(x));.
e e a e . o N - )
Lze uzit jediny piikaz. Napi. pitkaz dsolve({diff(y(x),x$2)=6%x, y(1) = 3, y(2) = 7}, y(x));
fesi rovnou dil. rovnici 2. Fddu ¢ = 6x s dvéma pocdteinimi podminkami y(1) = 3. y(2) = 7.

roviici ¥ () — 2-y(x) = ¢* (rovnice sc bude jmenovat R) je to Rs

Pokud cheeme s fesenim dif. rovnice dale pracovat jako s funked, pouzijeme specidlnf postup — napr.
u piredchozi rovnice (s pomocnou proménnou “reseni”, kterd dal nemd zadny vyznam) to bude:
reseni:=dsolve({diff(y(x),x$2)=06%*x, y(1) = 3, y(2) = T}, y(x)); assign(reseni):
g:=unapply(y(x),x): unassign(’y(x)’): a ddle pak jiz pracujeme s fesenim jako s funkel
g (Lfeba si ji muzeme nakreslit prikazem plot, zjistovat jeji funkeén{ hodnoty apod).

Grafika

Grafy funkef lze vykreslit uzitim pifkazu "plot”. Napr. plot(x”"3 - 4*¥x + 7,x=-3.15..2); vykresli

cast grafu funkee y=1"—dao+7 pro roziezi hoduot .« € (~3.13,2). Déle plot({x"3,2*x},x=-5..5);
3

kresli dva grafy dvou funket i == @” a y = 22 pro o € {—5.5) do jeduolio obrdzku.

Pifkaz plot3d(x" 2-x*y+y"2,x=-4..4,y=-2..2); nakresli ¢dst grafu funkce 2 proméunych

2= 2? — 2y + 4% v uvedenyeh rozmezich hodnot @ € (—4,4) ay € (=2.2).

Poznamka
Népovedy majl hypertextovou strukturu a vyvolaji se poklepanim mySi na ndpis HELDP. Dalst
moznost napoveédy je zaddni z prikazového Tadkw:  ?<prikaz>;. napf.. 7vector;.

Jeste jedna rada:  jestlize se Maple zatue chovat “divne”, zadejte prikaz restart; a zacnéte znovu.

Syntaxe povell v Maple

Prikazy mohou konéit strednikem nebo dvojteckou. Pokud piikaz konél dvojteckou, prikaz sc sice
provede, ale jelio vysledek se nezobrazi na obrazovee. V piipadé. Ze piikaz konéi stfednikem, povel
se provede 1 zobrazi na obrazovee. Maple pouzdvd klasickeé operadni ymaky 1, - %, \,*. Podobug

jako v programovacich jazycich je rozdil mezi = a = . Totiz := je klasicky plifazovaci piikaz.
= se powiva napt. u podininck ¢i pri zaddvdnl rovoic (napi. if ¢ = b znamend: jestlize ¢ = 0).

Jestlize v piikazu s parametrem zaddme misto parametru %, pal se za paramety dosadi vysledek
predchoziho piikazu.

operdtor VYAl operitor VA

4 seitant < menst ne

— odeitand <= mensl nebo rovao

* nasobeni > VvOLSL ne7

/ delent Do vetE nebo rovoo

ok wnoecnovani = rovnost

n wnocnovani <> nerovnost

3 sekveneni operidtor - > funkeénd operdator
desetinnd earka and logickd spojka A
oddélovad vyraz or logickd spojka Vv
prifazovaci prikaz Y% odkaz na predchdzejicl vyraz

%% |odkaz na druby predchdzejic! vyraz|i %%% jodkaz na tfetf piedeh. vyraz
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Derivatives, integrals, differential equations
Therc are two ways of differentiation: (1) The command "diff . Example: diff(sqrt(x”"2+41),x);
gives the Ist derivative of va? + 1, while diff(In(1-x),x8$5); gives the 5th derivative of n(1 — ).
The command diff(tan(x-y),y); calculates the partial derivative of tg (v — y) with respect to y.
(2) The command D for the Ist and (D@@E) for the kth order derivative.
Example: given function, e. g. fi= x —-> sqrt(x"2+1); and then D(f) gives its Ist and
(D@@3)(f) its 3rd order derivative. If we need these derivatives as new functions ¢ and h, re-
spectively, we introduce g:=D(f); and h:=(D@@3)(f);. Then we can get their values at a=13
as g(13); and h(13); cte. We also use the commands "maximize” and “minimize”. If we want

to determine the values of absolute maximum and minimum of function y = 1 — 2% on the closed
interval (—2.5) we apply: maximize(1 - x"2,x,-2..5); and minimize(1 - x"2,x,-2..5);.

3
The integral [w?da is obtained as int(x"2,x);  the integral | w?dr as int(x"2,x=-3..3);.

-3
Diffrential cquations are solved by means of the command “dsolve”. First, insert the given ODE.
For example, R:=diff(y(x),x)-2¥*y(x)=exp(x); iuserts the equation of ¢/'(x) ~ 2 - ylr) = e©
(denoted by R). Then the command dsolve(R,y(x)); calculates the general solution y(a) of
this ODE. The particular solution matching a given condition: first insert the condition, e. g.
ini:=y(1)=T;. and then get the particular solutionof R satisfying ini: dsolve({R,pp},y(x));.
We can use a single command only: dsolve({diff(y(x),x$2)=6%x, y(1) = 3, y(2) = 7}, y(x));
gives the solution of the 2nd order ODE y” = 62 matching two conditions y(1) = 3,y(2) = 7.

To get the solution of an ODE as a function, say F', a special procedure is necessary to apply (here
7var” is a helper variable): var:=dsolve({diff(y(x),x$2)=6%*x, y(1) = 3, y(2) = 7}, y(x));
assign(var): Fi=unapply(y(x),x): unassign(’y(x)"): and now vou have the solution
as function F (c. g. you can calculate its values, plot its graph etc.).

Graphics

To plot the graph of a function use the "plot” command. E. g. plot(x”"3 - 4*x + 7,x=-3.15..2);
shows the graph of y=a—4a+7 for w € (=3.15,2).

plot({x"3,2*x},x=-5..5); shows the graphs of two functions y = a? and y = 2z for @ € (-5, 5)
in one picture. The command plot3d(x"2-x*y4y”"2,x=-4..4,y=-2..2); plots the graph of the
2-variable function @ = &% — .y + y? for o € (4. 4) and y € (—2.2).

Note
Clicking on HELP gives you a hypertext structure of Maple helps. Another possibility for a help is
inserting the question mark before the command symbol:  7<command>;, for example: ?vector;.

An advice: if you observe a "strange” behaviour of the program, insert the restart; command.

The syntax of Maple commands

Any conunand ends by a semicolon or by a colon. In both the cases the command is executed after
pressing the ENTER key, but only in the case of semicolon the result is shown on the screen. Maple

uses the usual operation symbols like +, —, %, \,". Be careful with the symbols := and = . The
symbol := is the assignment symbol used for introducing a new object, while = is a comparison

symbol only (typically used in equations). In Maple, percentage signs are used to refer to previously
computed expressions. specifically. the % operator reevaluates the last expression computed.

operator interpretation operator interpretation
-+ addition < less than
— subtraction <= less or equal
* multiplication > greater than
/ division = greater or equal
e power = cquality
8 POWCT <> inequality
$ sequential operator - > function operator
decimal point and logical A
s expression delimiter or logical v
1= assignment comrnancd %% last expression reference
%%  Isccond last expression referencedl %%%  [third last expression veference
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